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Abstract

In this essay, we are concerned with the coincidence of induced and rigged connections on lightlike
hypersurfaces of semi-Riemannian manifolds. We study for a given non vanishing function a on M the
so-called a-associated metric g, = g + an ® n. We start by giving some fundamental equations for
the case of semi-Riemannian hypersurfaces and later we provide similar (but very different) equations
for lightlike hypersurfaces. We observe that in semi-Riemannian hypersurfaces, the induced connection
always coincides with the Levi-Civita connection which is not always the case for lightlike hypersurfaces.
We show that in the case of & = 1, the coincidence holds when the second fundamental form B of
TM, and the second fundamental form C of the screen distribution are equal and the rotation form
is identically null. In the case where « is a non-vanishing function, the coincidence holds if the screen
distribution is conformal with « as the conformal function and satisfying a certain relation.

French version

Dans ce mémoire, nous nous intéressons a la coincidence entre connexion induite et connexion de Levi-
Civita de la métrique associée sur des hypersurfaces de type lumiére des variétés semi-riemanniennes.
Nous commencerons par donner quelques équations fondamentales pour le cas des hypersurfaces semi-
riemanniennes et plus tard nous fournissons des équations similaires (mais tres différentes) pour les
hypersurfaces de type lumiére, nous observerons que dans les hypersurfaces semi-riemanniennes, la
connexion induite coincide toujours avec la connexion de Levi-Civita, ce qui n’est pas toujours le cas
des hypersurfaces de type lumiere. Nous verrons que dans le cas de @ = 1, la coincidence est vérifiée
lorsque la seconde forme fondamentale de T M, B et la seconde forme fondamentale de la distribution
écran C' sont égales et que la forme de rotation est identiquement nulle. Tandis que dans le cas ou « est
une fonction non nulle, la coincidence est verifiée lorsque |'écran est conforme avec o comme fonction
conforme et « satisfaisant une certaine relation.
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1. Introduction

A semi-Riemannian manifold (M, g) is a manifold endowed with a non-degenerate metric g, precisely for
any z € M, g, is a non-degenerate bilinear form on T,,M. A null hypersurface or lightlike hypersurface
of a semi-Riemannian manifold (M,g) is a co-dimension one submanifold M of (M,g) such that the
restriction g of g on M is degenerate, i.e. Vo € M, the matrix of g, on T, M is a non invertible
matrix. A rigged null hypersurface M is a one endowed with a rigging vector field. The latter being
a vector field N on M such that Yz € M, N, is not tangent to M. The projection on M of the
Levi-Civita connection V of M along a null rigging N gives a so-called induced connection V on M
and this connection depends on the chosen rigging. If we set n to be the 1-form defined on M by
n(X) = g(N, X) then it is proved that for a given nowhere vanishing smooth function « on M, the
following is a semi-Riemannian metric on M: g, = g+ an ®n. This is called the a-associated metric.
When o = 1 the metric g1 = g + 1 ® 1 is usually called the induced metric or the rigged metric on
M. In this work we study the conditions under which the Levi-Civita connection of the a-associated
metric coincides with the induced connection. This essay is organized as it follows: this introduction is
labeled chapter 1, the second chapter is devoted to the preliminaries of semi-Riemannian submanifolds,
the third one is devoted to the lightlike hypersurfaces of semi-Riemannian manifolds, the fourth one
studies the necessary conditions for coincidence between the induced and the rigged connections, and
our last one is the conclusion.



2. Preliminaries on Semi-Riemannian
Submanifolds

2.0.1 Definition (Manifold). A manifold M of dimension n is an Hausdorff topological space, such
that Vo € M, 3 U, an open neighborhood of z in M and an homeomorphism ¢, : U, — R", such
that ¢;; = pj o @; ' @i(U; NU;) — ¢;(U; N U;) is a smooth function where (U;, ¢;) is called a chart
of M. We say that locally, M resembles to R".

2.0.2 Definition (Submanifold). Let M and M be two manifolds. M is said to be submanifold of M if
34 : M — M such that i is an embedding, i.e i is an immersion and an homeomorphism on its image.
The integer n — dim M is called the codimension of M in M.

2.0.3 Definition. A submanifold of codimension 1 is called an hypersurface.

2.0.4 Proposition. Let M be a subset of R™. These 3 assertions are equivalent:

1. M is a submanifold of dimension m of R™:

2. Vx € M, 3 U, a neighborhood of  in M and f : U, — R"™ ™ a submersion such that
4o} = U, N M;

3. Vx € M, 3 U, a neighborhood of z in M, 3 € an open set of R™ and A : 2 — R"™ an embedding
such that h(2) = U, N M.

2.0.5 Definition. Let M be a manifold, a semi-Riemannian metric § over M is a 2-tensor covariant
(i.e of type (0,2)), symmetric and non degenerate (ker(g) = {0}). In other words Vx € M the linear

form g, : T,M x T,M — R is a semi-Euclidian metric over the vector space T, M and the application
x g, is C™.

When g is a semi-Riemannian metric, the couple (M, g) is called a semi-Riemannian manifold .

2.0.6 Definition. Let (M,g) be a semi-Riemannian manifold and M a submanifold of M. We say that
(M, g) is an isometrically immersed submanifold if g = i*g.

2.0.7 Definition (Semi-Riemannian submanifold). Let (M,g) be a semi-Riemannian manifold, and
(M, g) an isometrically immersed submanifold of (M,g), M is said to be a semi-Riemannian submanifold
of M if g is a semi-Riemannian metric.

2.0.8 Definition (Lightlike submanifold). Let (M,q) be a semi-Riemannian manifold, and (M, g) an
immersed submanifold of (M, g), M is said to be a Lightlike submanifold of M if the restriction of g
on M is degenerate i.e there exists a nonzero section X of T'M such that g(X,Y) =0, VY € I'(T'M).

2.0.9 Definition. Let (M,g) be a semi-Riemannian manifold, a vector field X is said to be:

e spacelike if g(X,X)>0o0r X =0;

o timelike if g(X, X) < 0;

o lightlike if g(X, X) =0 and X # 0.

2.0.10 Definition. The index of a semi-Riemannian manifold (M, g) is the number of negative numbers

in a diagonal matrix associated to g.

The index is also equal to the number of timelike vector contained in an orthonormal basis of TM.
Throughout, (M,g) is a semi-Riemannian manifold of index ¢ > 0 and dimension n, and (M, g) is an
immersed submanifold of (M,g).
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2.1 Some Particular Distributions

2.1.1 Definition (Normal Distribution). Let 7'M be the tangent bundle of M, we define the normal
distribution M as the collection of normal subspaces T, M+ of T, M defined by:

T.M* ={X, € T,M; §(X,,Yy) =0 VY, € T,M} Vzec M. (2.1.1)

2.1.2 Definition (Radical distribution). The radical distribution Rad(TM) of T'M is the collection of
Rad(T, M) defined by:

Rad(T,M) = {X, € T,M;§(X,,Y,) =0 VY, € T,M} Va € M. (2.1.2)

2.1.3 Remark.
e Observe that Rad(TM)=TM NTM+
e Rad(T,M) = {0} & (M, g) is a semi-Riemannian submanifold of (M, 7).

2.1.4 Proposition. From the above remark, it follows that (M, g) is a lightlike submanifold of (M, )
if and only if Rad(T,, M) # {0}.

2.2 Semi-Riemannian Hypersurfaces

Let (M,q) be a semi-Riemann manifold and (M, g) a semi-Riemannian hypersurface of (M,g); in this
case dimTM~+ =1 and
TM/y =TMLTM*:. (2.2.1)

The symbol L simply means that 7'M~ is orthogonal to 7'M and is the unique orthogonal complemen-
tary of T M.

2.2.1 Definition (Gauss map). Let x € M, there exists an open neighborhood U of x in M on which
is defined a unique section of the normal bundle M, denoted N such that G(Ny,Ny) =1VyeU.
N :U — TM*. N is called the Gauss map of M.

Let V be the Levi-Civita connection of (M,g). From Equation (2.2.1), we can decompose VxY as:
VxY =VxY + B(X,Y)N (called Gauss formula), (2.2.2)

where V is called the induced connection and B the second fundamental form of M. It is easy to show
that V is a torsion-free connection on M, and B is a 2—covariant symmetric tensor. Moreover V is
g-metric. Indeed, since V is the Levi-Civita connection of (M,gq), V X,Y,Z e I'(T'M),

X-g(Y,z) =

yVXY,Z)ng(WXZ,Y)
g

VxY +B(X,Y)N,2) +9(VxZ + B(X,Z)N,Y)
VxY, Z) +g VXZ Y)
= g(VxY,2)+¢g(VxZY).

Therefore V is the Levi-Civita connection of (M, g).
2.2.2 Proposition. For every section X of TM, one has VxN € I'(TM).
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Proof. g(N,N)=1 = X -g(N,N)=0 = 2g(VxN,N)=0 = VxN € I'(TM).

The following formula is useful
VxN = —-An(X) (called Weingarten formula), (2.2.3)

where Ay : T'(TM) — IT'(T'M) is a field of endomorphisms called the shape operator of M.

2.2.3 Proposition. The shape operator Ay is g-self adjoint and related to the second fundamental
form B by

B(X,Y)=g(An(X),Y), VXY el'(TM). (2.2.4)
Proof. §(Y,N) =0 = 0= X-g(¥,N) = g(VxY, N)+5(VxN,Y) = B(X,Y)~g(Ay(X),Y). O

2.2.4 Definition (geodesic). Let (M, V) be a manifold endowed with a linear connection. A curve
~v: I — M is said to be a geodesic of M if

Vv =0, (2.2.5)

Hence v : I — M is a geodesic means that the velocity vector field +' is parallely transported along the
curve. Without any other precision in the case of semi-Riemannian Manifolds, the connection considered
is the Levi-Civita connection and notions related to connection such as geodesic curve, are defined with
respect the Levi-Civita connection.

2.2.5 Example. Geodesic curves for the real Euclidean space R" are straight lines. Geodesic curves for
the sphere S™ are great circles.

2.2.6 Definition (Totally geodesic). A semi-Riemannian hypersurface M of M is said to be totally
geodesic if its second fundamental form B vanishes.

2.2.7 Proposition ([6, page 104]). The following are equivalent:

1. M is totally geodesic in M;

2. Every geodesic of M is also a geodesic of M.

We can remark that the sphere S™ is not totally geodesic in the Euclidian space R™.

2.2.8 Definition (Totally umbilic). A semi-Riemannian hypersurface M of M is said to be totally
umbilic if there exists a smooth function p such that:

B = pg
2.2.9 Proposition. For a semi-Riemannian hypersurface, we have the so-called Gauss-Codazzi equation:
g(RxyZ.N) = g((VxAN)Y — (VyAN)X, Z)

where R and R are the Riemannian curvatures of (M,g) and (M, g) respectively. And by definition
(VxAN)Y = Vx(ANn(Y)) — AN(VxY).
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Proof.

RxyZ =VxVyZ—-VyVxZ -V xy|Z
=Vx(VyZ + B(Y,Z)N) - Vy(VxZ + B(X,Z)N) — (Vxy)Z + B([X,Y],Z)N)
=VxVyZ+Vx(B(Y,Z)N) - VyVxZ —Vy(B(X,Z)N) - (Vixy|Z + B([X,Y], Z)N)
=VxVyZ+ B(X,VyZ)N +Vx(B(Y,Z)N) —VyVxZ — B(Y,VxZ)N — Vy(B(X, Z)N)
—(Vixy)Z + B([X.Y], Z)N)
=RxyZ+Vx(B(Y,Z)N) -~ Vy(B(X,Z)N) + (B(X,VyZ)
- B(Y,VxZ) - B([X,Y],Z))N

=RxyZ+ (X -B(Y,Z)N 4+ B(X,Y)VxN) — (Y -B(X,Z)N + B(X, Z)VyN)

+(B(X,VyZ) - B(Y,VxZ) - B([X,Y], Z))N
RxyZ =RxyZ+ (X -B(Y,Z)N — B(Y, Z)AN(X)) — (Y - B(X, Z)N — B(X, Z)An(Y))
+(B(X,VyZ) - B(Y,VxZ) - B([X,Y], Z))N. (2.2.6)

If we take Equation (2.2.6) and we do the scalar product with T, we obtain:
If we take Equation (2.2.6) and we do the scalar product with N, we obtain:

9(BxyZ.N) =X -B(Y.Z) ~ Y - B(X,Z) + B(X,VyZ) - B(Y,VxZ) - B(X,Y], 2).
Using Proposition 2.2.3,

g(RxyZ,N)=X - ?(AN( ), Z) =Y - g(An(X), Z) + §(AN(X), VY Z)
), Z

ZE(VXAN(Y),Z) +9g ) = 9(VyAn(X),Z) = 4(Vy Z, An(X))
+9(AN(X),VyZ) —g(AN(Y),VxZ) = g(AN(VxY — VxY), Z)
=9(VxAN(Y), Z) = g(Vy An(X), Z) — g(An(VxY — VxY), 2)
=9((VxAN)Y — (VY An)X, Z)

O

We have just studied some fundamental equations of the geometry of non degenerate sub-manifolds,

in the next chapter we are going to study similar equations (but very different) for the case of lightlike
hypersurfaces.



3. Lightlike Hypersurfaces of Semi-Riemannian
Manifolds

In this chapter, (M, g) is a lightlike hypersurface of (M, g); this means that Rad(TM) = TMNTM* =
TM~*, therefore we can see that it is no more possible to decompose T'M as in the case of a semi-
Riemannian hypersurface; new tools are then needed.

3.0.1 Definition (Screen Distribution). A screen distribution S(T'M) is a complementary distribution
to Rad(TM) in TM.

Let S(T'M) be a screen distribution for M. It is clear that dim S(T'M) = n — 2 and the following
decomposition holds:
TM = Rad(TM) & S(TM) (3.0.1)

3.0.2 Proposition. The restriction of g on S(T'M) is non-degenerate.
Proof. Let x € M and X, € S(T,M) such that g,(X,,Y;) =0 VY, € S(T,M). Since §,(X,, Z) =

0, V Zy € Rad(T,M) it follows from (3.0.1) that g,(X,,Y;) = 0, VY, € T,M. Hence X, €
Rad(T,M)NS(T,M) = {0} which implies that X, = 0. Therefore (S(T'M),q) is non-degenerate. []

3.1 Decomposition of TM

e Approach of Duggal and Bejancu

3.1.1 Theorem ([3, page 79]). Let (M,g,S(TM)) be a lightlike hypersurface of a semi-Riemannian
manifold (M ,g). Then there exists a unique vector bundle tr(T M) of rank 1 over M such that for any
non-zero section & of TM~ on a coordinate neighborhood U C M, there exists a unique section N of
tr(TM) on U satisfying:

g(N,§ =1 (3.1.1)

and
g(N,N)=g(N,W) =0, YW € T(S(TM)y) (3.1.2)
TM|y =TM @ tr(TM) (3.1.3)

tr(TM) is called the transversal bundle of T'M.
¢ Rigging techniques

3.1.2 Definition (Rigging). We call rigging for M a vector field ¢ defined on an open set of M
containing M such that
Ce ¢ ToM, Y zeM

Let 77 be the 1-form metrically equivalent to ¢ (i.e 7=¢((,.)) and g =g+ 7 ®7. 7 is a 1—form over
M and § is a 2—covariant tensor over M called the 1—twisted metric or just the twisted metric on M.
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Let g, = i*g; n =141, n isa 1—form over M and g, is a 2—covariant tensor over M called the rigged
metric or the 1—associated metric or just the associated metric on M.

gn=9+nxn (3.1.4)
Let us set
S(TM)=kern = {X eTM,nX)=0}

since ( is not a section of T'M, it follows that g(X, () = n(X) # 0, VX € I'(Rad(TM)) ~ {0}. This
shows that S(T'M) is a screen distribution of T'M.

TM = Rad(TM) &, S(TM) (3.1.5)

3.1.3 Lemma. g, is non-degenerate.

Proof. Let X be a nonzero section of T'M such that g,(X,Y) =0 VY € I'(T'M).
From the decomposition (3.1.5), there exists X1 € Rad(TM), X2 € S(T'M) such that X = X; + Xo,

0=gy(X,Y) =g(X,Y) +n(X)n(Y) = g(X1,Y) + 9(X2,Y)) + n(X1)n(Y)) + n(X2)n(Y)
= 9(X2,Y)) +n(X0)n(Y).
In particular for Xy € Rad(TM) C TM,

0 = g(Xo, X1) + n(X1)? = n(X1)?, so it follows that X; € S(TM) N Rad(TM) = {0}, therefore
X = X5. And we have

0= gy(X2,Y) = §(Xa, Y) + n(X2)(Y) = §(X,Y) =0 VY € TM, (3.1.6)

But we also have that g(X2,() = n(X2) = 0. Since TM = TM & (¢), it follows that g(X5,Y) =
0 VY € I'(T'M) and the fact that g is non-degenerate leads to X3 = 0, hence X = 0.

Therefore g,, is non degenerate. O

3.1.4 Definition (Rigged). The vector field £ over M metrically equivalent to 7 i.e (n = g,(&,.)) is
called the rigged vector field associated to (.

3.1.5 Lemma. The rigged vector field £ is the unique section of the radical distribution such that

Proof. First of all, since ( is not a section of T'M, it follows that

G(X,0)#0, VX e T(Rad(TM)) ~ {0}. (3.1.7)

)~
We have 7(X) = gn(§, X) = g(&, X) + n(X)n(§). Hence n(X)(1 —n(£)) = g(¢§, X) VX € I'(T'M)
In particular for X € I'(Rad(TM)) ~ {0}, g(X,{)(1 —7(£)) = 0. Using (3.1.7) the latter leads to
1—n(&) =0. This is

n(§) =g ¢) = 1. (3.1.8)
For every section X of TM, n(X) =g, X) +n(X) = ¢(£, X) = 0. Hence,
Rad(TM) = (£). (3.1.9)

O
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3.1.6 Remark. Locally, it is always possible to define a vector field which span the radical distribution;
but £ is globally defined.

The vector field N = (— %g((, ¢)¢ is a lightlike transversal vector field of M and it satisfies (N, &) = 1.
Proof.
¥, ) = (€ = 59(6.06:¢ = 3316 )€ ) =7(6.€) ~ 916, 0. ) + Ja(6. e © =0

7.9 =3 (¢ - 59(6.06.€) =969 - 57C.alE. ) =76, €) = 1.

O

3.1.7 Remark. For lightlike hypersurfaces, giving a rigging vector field, we can always have a null
rigging vector field, so without lost of generality, we will always talk about null rigged hypersurfaces.

From Equation (3.1.3), We have the following decompositions. V X,Y € I'(T'M)

VxY =VxY + B(X,Y)N (3.1.10)
VxN =7(X)N — Ay(X) (3.1.11)

where Ay is called the shape operator of M and B is the the second fundamental form of M.

3.1.8 Proposition. Ay (U) € TM, V is a connection over T'M, and B is a symmetric tensor.

Proof. We know that V is a connection over T'M so it satisfies

VixY = fVxY

VxfY = X.(f)Y + fVxY
Vx(Y+2)=VxY +VxZ
VxivZ=VxZ+VyZ

VixY = fVxY
— V;xY +B(fX,Y)N = f(VxY + B(X,Y)N)
= VixY - fVxY = (fB(X,Y)-B(fX,Y))N
We know that TM Ntr(TM) = {0}
= VixY - fVxY = (fB(X,Y)-B(fX,)Y))N=0

— VixY = fVxY and fB(X,Y)=B(fX,Y)

VxfY = X.(f)Y + fVxY
— VxfY +B(X,fY)N =X.(f)Y + f(VxY + B(X,Y)N)
= VxfY -X.(f)Y - fVxY = (fB(X,Y) - B(X, fY))N
E

TM N tr(TM) = {0} VxfY = X.(f)Y + fVxY and fB(X,Y) = B(X, fY)
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ﬁx(y +7) = VxY +VxZ

— Vx(Y+2)+B(X,Y+Z)N=VxY+B(X,Y)N+VxZ+ B(X,Z)N

= Vx(Y+2)-VxY—-VxZ=(-B(X,Y+Z2)+B(X,Y)+ B(X,Z))N
TMNtr(TM) = {0} =

Vx(Y+Z2) = VxY+VxZ and B(X,Y +2)=B(X,Y)+ B(X, Z)
ﬁx.,_yZ =VxZ+VvyZ

= VxivZ+B(X+Y,Z)N=VxZ+ B(X,Z)N+VyZ+ B(Y,Z)N

= VxivZ-VxZ-VyZ=(-B(X+Y,Z)+B(X,Z)+ B(Y,Z))N
TMNtr(TM) = {0} =

VxivZ VxZ+VyZ and B(X+Y,Z)=B(X,Z)+ B(Y, Z)

VxY =VxY + B(X,Y)N

VyX =VyX + B(Y,X)N

VxY -VyX =VxY - VyX + (B(X,Y) - B(Y, X))N

V is the Levi-Civita connection of M

(X, Y]=VxY -VyX + (B(X,Y)—-B(Y,X))N

(X, Y] -VxY +VyX =(B(X,Y)—-B(Y,X))N
TMNtr(TM)={0} = VxY-VyX-—-[X,Y]=0 and B(X,Y)=B(Y,X)

Therefore V is a connection without torsion over T M, and B is a symmetric tensor over T M. O

3.1.9 Definition (Totally geodesic). The lightlike hypersurface M is said to be totally geodesic if
VX, Y € TM,
B(X,Y)=0. (3.1.12)

3.1.10 Definition (Totally umbilical). M is said to be totally umbilical if there exists a function
f € C(M) such that
B(X,Y)=fg(X,Y) VXY eTM. (3.1.13)

3.1.11 Proposition. V is a connection over M which is not g-metric and it satisfies:

(Vx9)(Y,Z) = B(X,Y)g(N,Z)+ B(X,Z)g(N,Y) VX,Y,Z € (TM)  (3.1.14)
B(X,Y) = —g(Vx&Y) (3.1.15)

Proof.

VxY = VxY + B(X,Y)N
9(VxY,Z) = g(VxY,Z)
g(ﬁXZ,Y) = g(VXZ,Y)

since V is the Levi-Civita connection of g, then

Xg(Y,Z) = g(VxY,Z)+4(Y,VxZ)
= 9(VxY,Z)+g(B(X,Y)N,Z)+qg(VxZ,Y)+g(B(X,Z)N,Y)
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X.?(Y,Z)—E(VXKZ)—E(Y,V)(Z) = E(N’Z)B(va)+§(N7Y)B(X’Z)
(VXE)(KZ) = E(sz)B(va)+§(N7Y)B(sz)‘

From Equation (3.1.10), we have

VxY = VxY+B(X,Y)N

O
3.1.12 Proposition. The second fundamental form B satisfies B(¢,.) =
Proof. From (3.1.14), if we replace Y and Z by &, we obtain:
9(N,§)B(X,§) +g(N,§)B(X,§) = (Vxg)(£€)
O

Since B(¢,.) = 0, from Equation (3.1.10), we have:

ng =Vx&éeTM.

So using the decomposition (3.1.5), we can decomposed it as follow V x & = af—;lg(X) with ;15(X) € S(TM)
and a = g(Vx&, N) and it is easy to verify that a = —7(X).

Vxé = —7(X)¢ — AdX) . (3.1.16)
where ;15 is a field endomorphism called the shape operator of S(TM).

3.1.13 Proposition. The shape operator ;15 is g-self-adjoint endomorphism and related to the second
fundamental form B by: VX,Y,Z € TM,

B(X,Y) = g(AdX),Y

Proof. From Equation (3.1.16),

Vié = —7(X)E - AdX)
AVXEY) = g—r(X)E— AdX).Y) = —r(X)g(€.Y) — g(AdX),Y
from (3.1.15) — B(X,Y) =g(Vx&,Y) = —g(AdX),Y)
B(X,Y) = g(AdX),Y
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VX, Y eI'(TM), VxPY e€TI'(T'M), we can decomposed it as follows:

VxPY = ViPY +C(X,PY)E. (3.1.17)

Where VS, PY € S(T'M) and C is a 2-tensor called the second fundamental form associated to the
screen distribution, and C' satisfies:

C(X,PY)=-g(VxN,PY) = g(An(X),Y) (3.1.18)
C(PX,PY)—-C(PY,PX) = g(N,[PX,PY]). (3.1.19)
Proof.
0=g(N,PY)

0=X g(N,PY)=g(VxN,PY)+g(N,VxPY)
= —g9(An(X), PY) + (N, Vx PY)
= —g(An(X),PY) + C(X, PY).

And we have the result. From the previous result:

C(PX,PY)—C(PY,PX) = g(VpxPY,N)—-g(VpyPX,N)
O
3.1.14 Lemma. If S(TM) is integrable, i.e V X, Y € I'(TM), [PX,PY] € S(TM), then C is sym-

metric in S(TM) and V* is a torsion-free connection which is g-metric.

Proof. From the previous result,

C(PX,PY)— C(PY,PX) = g([PX,PY],N)=0.

Ty-(PX,PY) = VhyPY —ViyPX — [PX, PY]
— VpxPY — C(PX,PY) —VpyPX + C(PY, PX) — [PX, PY]
= VpxPY — VpyPX — [PX, PY]
= Ty(PX,PY)=0

Vixg(PY,PZ) = PX -g(PY,PZ)—g(VhxPY,PZ)—g(VhyPZ, PY)
= PX.g(PY,PZ)—g(VpxPY — C(PX,PY)¢,PZ) — g(VpxPZ — C(PX,PZ)¢, PY)
= PX.g(PY,PZ)—g(VpxPY,PZ) - §(VpxPZ, PY)
= PX.g(PY,PZ)-g(NpxPY,PZ) - §(VpxPZ, PY)

= 0 Since V is the levi-Civita of g
O

3.1.15 Remark. Note that for the case of lightlike hypersurface, An is no more g-self adjoint like in
the semi-Riemannian case, but it is g-self adjoint when the screen distribution is integrable.
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The Riemannian curvature R of V is given by
RxyZ = VxVyZ-VyVxZ-— V[Xy}Z VX, Y,Z e TM. (3.1.20)

3.1.16 Proposition. The Riemannian curvature R of V and The Riemannian curvature R of V are
related by:

Rxy¢ = Rxvy¢. (3.1.21)

Proof. We have seen that V¢ = Vx¢& = —7(X)¢ — AdX),
and in Proposition 3.1.13, B(X, A{Y)) = B(A4X),Y) so
Rxy§ = VxVy§—VyVx{—Vixy)§
= Vx(=r(V)E = AdY)) = Vy (—7(X)§ — AdX)) — Vix v
= Uxr(V)E = Vx ALY) + Vy r(X)E + Vy AdX) — Vixyi€
= —Vxr(V)E - (VxALY) — B(X, ALY))) + Vy7(X)€ + Vy A X) — B(Y, A{ X)) — Vixy&
= —Vxr(Y)E — Vx AdY) + Vyr(X)€ + Vy AdX) - Vixyié
VxVy§ = VyVx€—Vixy§

= Rxvyé&.
O
3.1.17 Proposition. (Gauss-Codazzi Equations)
For a lightlike hypersurface, we have the so-called Gauss-Codazzi equations:
VXY, ZUecl'(IT'M),
§(Rxy 2, PU) = G(RxvZ, PU)+ B(X, Z)g(An(Y), PU) — B(Y, Z)g(Ax(X), PU)
?(Exyz, N) = g(RXyZ, N) (3.1.22)

Proof.

RxyZ = VxVyZ—-VyVxZ-Vixy|Z

= Vx(VyZ+B(Y,Z)N)—-Vy(VxZ+ B(X,Z)N) — (Vixy)Z + B([X,Y], Z)N)
VxVyZ+Vx(B(Y,Z)N)-VyVxZ - Vy(B(X,Z)N) - (Vixy|Z + B([X,Y], Z)N)

= VxVyZ+ B(X,VyZ)N +Vx(B(Y,Z)N) = VyVxZ — B(Y,VxZ)N — Vy(B(X,Z)N)
—(Vixy)Z + B([X,Y], Z)N)

= RxyZ+Vx(B(Y,Z)N)—-Vy(B(X,Z)N)+ (B(X,VyZ)
~B(Y,VxZ) - B([X,Y],Z))N

= RxyZ+(X-B(Y,Z)N +B(X,Y)VxN)— (Y -B(X,Z)N + B(X,Z)VyN)
+(B(X,VyZ) - B(Y,VxZ) - B([X,Y],Z))N

= RxyZ+(X-B(Y,Z)N + B(Y,Z)(1(X)N — An(X)) — (Y - B(X, Z)N + B(X, Z)(r(Y)N
—AN(Y)) + (B(X,Vy Z) - B(Y,VxZ) - B([X,Y],Z))N
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= RxyZ+[X-B(Y,2)-Y -B(X,2)+7(X)B(Y,Z) - 7(Y)B(X,Z) + B(X,VyZ)
—B(Y,VxZ)— B([X,Y],Z)]N — AN(X)B(Y, Z) + Ax(Y)B(X, Z). (3.1.23)

By doing the scalar product of Equation (3.1.23) with PU € S(T'M) we obtain:
9(RxyZ,PU) = g(RxyZ,PU)+3g(-An(X)B(Y,Z) + An(Y)B(X, Z), PU)
= 9(RxyZ, PU) — B(Y, 2)g(An(X), PU) + B(X, Z)g(An(Y), PU).

By doing the scalar product of Equation (3.1.23) with & we obtain:

9(RxvZ,§) = X-B(Y,2)-Y-B(X,2)+7(X)B(Y,Z) - 7(Y)B(X, Z)
+B(X,VyZ) - B(Y,VxZ) - B([X, ],Z)
= X -B(Y,Z)-Y B(X,Z)+7(X)B(Y,Z) - 7(Y)B(X, Z)

+B(X,VyZ) — B(Y,VxZ) — B(VxY — VyX, Z)

= X-B(Y,Z)—B(Y,VxZ)— B(VxY,Z)—-Y - B(X,Z) + B(X,VyZ) + B(Vy X, 2)
+7(X)B(Y, Z) — 7(Y)B(X, Z)

= (VxB)(Y,Z) - (VyB)(X,Z) + 7(X)B(Y, Z) — 7(Y)B(X, Z).

By doing the scalar product of Equation (3.1.23) with N we obtain:

g(RxyZ,N) = g(RxyZ,N)+g(-An(X)B(Y,Z) + An(Y)B(X, Z),N)
= 9(RxyZ,N) - B(Y,Z)g(An(X),N) + B(X, Z)g(An(Y),N)
= g(RxyZ,N) - B(Y,Z)§(VxN,N) + B(X,Z)g(VxN,N)
We know that Gg(N,N)=0 = X -g(N,N)=0 = g(VXN,N)=0
g(RxyZ,N) = g(RxvyZ,N).
O
3.1.18 Proposition. From the Gauss-Codazzi equations, we deduce that:
g(RxyPZ,N) = (VxO)Y,PZ)— (VyC)(X,PZ)+7(X)C(Y,PZ) —7(Y)C(X, PZ)
g(RxvE,N) = C(Y, AdX)) — C(X, AY)) — dr(X,Y). (3.1.24)

Proof. In Equation (3.1.22), by replacing Z by PZ we have
RxyPZ = VxVyPZ-VyVxPZ—VxyPZ
= Vx(VyPZ+C(Y,PZ))—Vy(VXxPZ+ C(X,PZ)¢) — V’[kxﬂy]PZ - C([X,Y],PZ)¢
= ViViPZ+C(X,ViPZ)e+ X -C(Y,PZ2)¢ + C(Y, PZ)VxE — ViV PZ
—C(Y,2VXxPZ){-Y -C(X,PZ){ — C(X,PZ)Vy¢& — V[XY]PZ—C([X,Y],PZ)f

= V4ViPZ+C(X,ViPZ)e+ X - C(Y,PZ)¢ + OV, PZ)(—7(X)€ — Ad X)) — ViV PZ

—C(Y,V5%PZ)e - Y - C(X,PZ)¢ — C(X, PZ)(—(Y)E — ALY)) — wPZ - C(X,Y],PZ)¢
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g(RxyPZ,N) = g(RxyPZ,N)
— C(X,VyPZ)+X-C(Y,PZ)— C(Y,V4PZ) - Y - C(X, PZ) — C([X,Y],PZ)
—C(Y, PZ)7(X) + C(X,PZ)7(Y)
= CO(X,VLPZ)+ X CO(Y,PZ) — C(Y,V4PZ)— Y -C(X,PZ) — C(VxY — VyX, PZ)
—C(Y, PZ)7(X) + C(X,PZ)7(Y)
— X CO(Y,PZ) - C(Y,V4PZ) - C(VxY,PZ) — Y - C(X,PZ) + C(X, Vi PZ)
+O(Vy X, PZ) — C(Y,PZ)7(X) + C(X, PZ)r(Y)

g(RxyPZ,N) = (VxC)(Y,PZ) - (VyCO)(X,PZ) - C(Y,PZ)7(X) + C(X,PZ)7(Y)
where
ViO)WY,PZ)=X -C(Y,PZ)—-C(VxY,PZ)—-C(Y,VxPZ).
In Equation (3.1.22), by replacing Z by £ we have

Rxy§ = VxVy§—VyVx{—Vixy)§

= Vx(~7(Y)E — AdY)) - Vy(~7(X)€ — AdX)) + 7([X, Y])é + Ad[X,Y])

= X T(Y)E —T(Y)VxE — VxALY) +Y - 7(X)€ + 7(X)Vyé + Vy AdX)
+r([X, Y])E + Ad[X,Y))

= X (V) — (V) (~(X)E — AdX)) ~ VX ALY) — C(X, AdY))é +Y - 7(X)é
+r(X)(~T(Y)E — AdY)) + Vi ALY) + O(Y, AdX))E + (X, Y])E + Ad[X, Y])

= (~X-7(Y) — O(X, AdY)) + C(Y, AdX)) + Y - 7(X) + r([X, Y]))¢
+r(Y) AdX) — Vi ALY) — 7(X) AdY) + V5 AdX) + Ad[X, Y])

g(Rxy&, N) = —X'T(Y)—C(Xa;lg(Y))JrC(Kzls(X))+Y'T(X)+T([X7Y])
= OV, AdX)) — O(X, ALY)) — dr(X,Y).

O

3.1.19 Definition. Let x € M and PX € S(TM) be a unitary vector field i.e g(PX,PX) = 1, let
o = Span(X,§) be a null plane contained in T, M the null sectional curvature with respect to £ of o
is given by:

Ke(o) = G(RepxPX,€)
(VgB)(PX, PX)— (VpxB)(, PX)+7(§)B(PX,PX)—1(PX)B(§,PX)
= (VgB)(PX,PX)—(Vpr)(f,PX)+T(§)B(PX,PX).

3.1.20 Remark. If M is totally geodesic (i.e B =0) Then K¢(o) = 0 and if M is totally umbilical (ie
B=pg) then

Ke(o) = £(p) — p* + 7(E)p-
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Proof.

Ke(o) = (VeB)(PX.PX)— (VpxB)(& PX) + 7(6)B(PX, PX)
= ¢ B(PX,PX)—2B(VePX,PX) - PX - B(€, PX) + B(Vpx¢, PX) + B(€, Vpx PX)
+7(€)B(PX, PX)
— €(p) - 209(VePX, PX) + p3(V px€, PX) + 7(€)p
G(PX,PX) = 1 = £-G(PX,PX) = 2§(VePX, PX) = 25(VePX,PX) =0
46, PX) = 0 = PX-g(¢, PX) =0 — §(Vpxé, PX) = —g(VpxPX,€) = ~B(PX,PX) = —p
Ke(o) = &lp)—p* +7(6)p.



4. Necessary Condition for Coincidence between
the Induced Connection V and the Rigged
Connection V,

4.1 Condition for Coincidence between the Induced and the Rigged
Connections for a =1

We know that V7 is the unique torsion-free connection that is g;-metric. Therefore Vi = V means
that V would also be g;-metric.

e Let us find condition such that V g;-metric.
V is gi-metric means that:
VY,Z) = 0 VXY, ZeT(TM). (4.1.1)

From the decomposition (3.0.1), we have VX € TM, X = PX + a{ where a = g(X, N).
Therefore X = PX +n(X)¢ where n =g(N,.) and PX € S(T'M).
We have:

VR(Y,Z) = XqaY,Z)-g(Vx,Z) - a(Y,V%). (4.1.2)
We have:
V(Y. 2) = X{g (PY +n(Y)E, PZ +n(Z)8)} — 1(Vx(PY +n(Y)E), PZ +1(Z)§)

—91(PY +n(Y)E, Vx(PZ +1(Z)))

X {1(PY. PZ) + g1 (PY.1(2)€) + g1 (n(Y)E, PZ) + g1 (n(Y)€, n(Z)€}
—q (VX (PY) + Vx(n(Y)E)), PZ +1(2)€) — g1 (PY +n(Y)E, Vx (PZ) + Vx (n(2)€))
( (
)

= XA{g(PY, PZ) +n(PY)(Z) + n(Y)n(PZ) +0(Y)n(Z)} — 1(Vx(PY), PZ)
—1(Vx(n(Y)§), PZ) — g1 (Vx PY,n(Z)§) — 1(Vx (n(Y)§), n(Z)¢
—n(Vx(PZ),PY) = 1(Vx(n(2)§), PY) = 1(Vx PZ,1(Y)§) — 1(Vx (n(2)€), n(Y)€)

From Equation (3.1.2), n(PX) =g(N,PX)=0VX € I'(TM).

Vi, 2) = XAg(PY,PZ)+n(Y)n(Z)} — 1(Vx(PY), PZ) — g1 (Vx(n(Y)s), PZ)
—g1(Vx PY,0(2)€) = 1(Vx(n(Y)€),n(2)€) — 1(Vx(PZ), PY)
—91(Vx(1(2)E), PY) = 1 (Vx PZ,n(Y)E) = 1 (Vx (n(2)), n(Y)E)  (4.1.3)

from Equation (3.1.17), VX ,Y € I(TM) VxPY = V%PY + C(X, PY)¢,

gl(VXPY,PZ) = gl(V}PY—i—C(X,PY){,PZ)
= gl(V}PY,PZ)+C(X,PY)gl(§,PZ)
— (V¥ PY, PZ)
— §(ViPY.PZ).

16
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n(Y)Vx§, PZ)
) +91(n(Y)VxE, PZ)
) +n(Y)g1(Vx§, PZ)
= () )¢ — AdX), PZ)
= 9(¥)q 214 X),PZ)
= n(Y)g(-A s(X ), PZ).

91(Vx(n(Y)¢),PZ) = g(Xn(Y)
g1 (Xn(Y)E, PZ
(Y)g1(¢, PZ

¢+
&P
&P
(X

g1(—

Af\

a(VxPY,n(2)§) = q(VxPY +C(X,PY)E, n(2)E)
= n(2)g1(VxPY.§) +n(Z)g1(C(X, PY)E, )
= 5(2)C(X, PY).

By summing everything in Equation (4.1.3), we obtain:

Vi(Y.2) = X{Q(PYPZ)+77( ) (2)} — §(Vi PY, PZ) — (Y )g(~AdX), PZ)
—n(Z)C(X, PY) n(Y)n(Z) +n(Y)n(Z2)7(X) —g(VxPZ,PY)
—0(Z)g(—AdX), PY) - <Y>C<X PZ) = X n(Z)(Y) + (¥ )n(Z)7(X)

= X -g(PY,PZ)+ X -q(Y)n(Z) + X -0(Z)n(Y) = §(Vi PY, PZ) — n(Y g(—Ad X), PZ)
—n(2)C(X, PY) = X -n(Y)n(Z ) n(Y)n(2)7(X) —g(Vx PZ, PY)

—0(Z)g(~ AdX), PY) = n(Y)C(X, PZ) — X -q(Z)n(Y) + n(Y )n(Z)7(X)
= X -g(PY,PZ) ~ g(VxPY,PZ) + n(Y)g(AdX), PZ) — n(Z)C(X, PY) +n(Y)n(Z)7(X)
—g(VXPZ,PY) +n(Z)g(AdX), PY) — n(¥)C(X, P2) + (¥ Jn(Z)r(X)
— {X.g(PY,PZ) - §(VPY, PZ) - §(VxPZ PY)} +n(Y)g(A < ), PZ)
—9(2)C(X, PY) +n(Z)g(AdX), PY) — n(Y)C(X, PZ) + 20(Y )(Z)7(X)
We know that V* is g-metric, so we get:
VE(Y.Z) = n(Y)g(AdX), PZ) - n(Z)C(X,PY) + n(Z)g(AdX), PY)
—n(Y)C(X, PZ) + 20(Y )n(Z)7(X)
= 9(Y)(G(AdX), PZ) — C(X, PZ)) + 1(Z)(G(AdX), PY) - C(X, PY)) + 2y(Y)n(Z)7(X)

We have from Proposition 3.1.13 that B(X, PY) = g(;lg(X), PY), so finally we get

VY, Z) = n(Y)(B(X,PZ)—C(X,PZ))+n(Z)(B(X,PY)—C(X, PY))
+20(Y)n(Z2)r(X). (4.1.4)
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4.1.1 Theorem. ([2], page 3490)
VL(Y,Z) =04 B(X,PZ)=C(X,PZ) and 7(X) =0 VXY, Z e I'(TM) (4.1.5)
Proof. If B(X,PZ) = C(X,PZ) and 7(X) =0V X,Y,Z € I'(TM), from Equation (4.1.4), it is
immediate that V¥ (Y, Z) = 0.
Now assume that we have V¢ (Y,Z2) =0 VX,Y,Z e I'(TM)
o setting Y = Z = ¢ in (4.1.4), we have
0 = V(&8 =n()(B(X,0) - C(X,0)) +n(§)(B(X,0) - C(X,0))
+2n(&)n(§)7(X)
0 = 7(X).
Then replacing Y to be £ in (4.1.4), we have
V% (€. 2) =n()(B(X,PZ) — C(X,PZ)) +n(Z)(B(X,0) - C(X,0))
= n€)(B(X,PZ) - C(X,PZ))
B(X,PZ) = C(X, PZ).
And we have proved the theorem. O

4.1.2 Remark. It may happen that the induced connection V on M by V is equal to the Levi-Civita
connection of M for a given rigging, but if we make a change of rigging we loose this equality.

Let us consider another rigging ¢’ for M and we decompose it as
(' =0N+Z7
where Z € I'(T'M) and 6 € C*°(M) is a function which never vanishes.
4.1.3 Proposition. The corresponding rigged £ and transverse vector field N/ are given by:
1
g = 7%
N = ON+V whereV =27 — 2—105((,(’)5.

And we have the following relationships [1]:

BI(X,Y) = %B(X,Y) (4.1.6)
(X)) = T(X)+%d0(X)+%B(MX) (4.1.7)
C'(X,PY) = 0C(X,PY)—-g(VxV,PY)+ 7' (X)g(V,PY)
VY - VXY—éB(X,Y)V.

4.1.4 Proposition. ([5], page 248)

Let ¢ be a rigging for a totally geodesic null hypersurface such that dr # 0. Then, the induced and the
rigged connections do not coincide for any election of the rigging.
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Proof.
o VN £V
If we assume that VV = V, then from Theorem 4.1.1, it follows that 7 = 0. This implies that d7 = 0.

e Let ¢/ be another selection of rigging. So we have from Equation (4.1.6) that 0 = B(X,PY) =
+B/'(X,PY). So Equation (4.1.7) implies that A7/ = dr + d(3)df = dr # 0.

Therefore we can conclude that the induced connection and the rigged connection (the Levi-Civita
connection of M) do not coincide for any choice of rigging. O
Example of rigging for which there is coincidence.

4.1.5 Example. (Monge Null Hypersurfaces of R, [4] page 11)

Let us consider R3 = (R3,g) where § = —daz? + dy? + dz2. Let D be an open subset of Riemannian
manifold RZ = (R2 du? + dv?). Let f : D — R be a nowhere vanishing function and let us consider
the immersion:

i:D — R}
p=(u,v) = (z=f(phy=uz=0)

M = i(D) is called a Monge hypersurface of R}.

fu(p) fi(p)
Vp e D, T,M = Im i'(u,v) = (U = 1 V= 0 |).
0 1

Therefore X = X*0x + Xyay + X?0z € T,M if X* = X"fl(p) + X"f,(p). The vector field
N=Z+ @ )ay + f1(p) £ is normal to TM indeed

7 (5 + R0 + LG S0+ 5 ) = I+ ) =
(e + ) g+ S0 S0 5 o ) = R+ R =0
4.1.6 Definition. M is called a Monge null hypersurface if A is a null vector field, ie
gN,N)=0
7 (5 + R+ L) g 5+ S0y + £ ) =0
() + () = 1 (4.15)

And in this case you can see that N' = f}(p)U + f(p)V € T,M

If we take equation (4.1.8) and we derivate with respect to z (8 = 0, 1,2), we obtain

Fi0) fra u(p) + fo(p) fre () = 0. (4.1.9)

Now we consider M a Monge null hypersurface and we endow M with the rigging Ny = \1[{
fuay vaz} The vector field Ny is define on R* x D but is null only along M. The correspondlng
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rigged vector field is §f = % =
null only along M. Indeed

E(vaff)

R$ is plate and we have

v8u€

We have

§(ﬁau/\f7 Nf)

Therefore since Vg, & = —7

10
fyv(‘)v

(L)€~ Ad 2

) and by the same computation, we will obtain: 7'(

// ! 0
1 , 0 0 p
72( y,ui—i_fyva )+x(fu

1 0 9

0

)+f//(7v_/a

v%))

i ! pll
vt Sofyn) 5o

I/ 8

Yoz’

59(fut +ﬂﬂﬁ
0 from Equation 4.1.9
= VauN € S(TM).

8

1 0,0
1

) =0 000 3l = (s
—~) =0 and Aﬁ(av)

i+ frogn):

), we conclude that 7( +

L( "
\/5 Z,u du

0

() =2

=7(=—)=0 = 7=0.

4.1.1
5 (4.1.10)
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On the other hand, we have

0
Ny =& = 2%
= = 0
= VouWN; —¢&5) = —\/ivau(%)
= = = 0
= VouN;— Vol = —\/ivf;away(aj) =0
_ _ * 0
— Vau/\/f = Vauff = —Ag(%)
d * 0
= AN(%) = Ag(%).
By the same computation, A (Q) = ;1(2)
y P P AN Gy T A8y
Therefore: /*15 = Ay (conformal screen)
— GAGX),Y) = gAN(X),Y) VXY € D(TM)
— CO(X,PY) = B(X,PY) VX,Y € [(TM) (4.1.11)

All the conditions of Theorem 4.1.1 are satisfied, so we conclude that the levi Civita connection of
(M, g1) and the induced connection on M coincide.

Vi=V

Examples of Rigging for which this coincidence does not hold.
4.1.7 Example. The lightlike cone A2 of R$ ([3], page 80)

Let consider the space R? endowed with the metric g = —da? + dy? + dz?, R} = (R3,7) is called the
Minkowski space of dimension 3.

A2 ={(z,y,2) €R3 — 2?4+ 4*+2%=0}.

Let f be the submersion defined by,
f:R¥ - R
(z,y,2) — —z2+y*+22
A= f1({o})

Therefore, Vp = (x,y, z) € A3, the tangent space at (z,y, 2) is

T, A% = ker f'(z,y,2) = {(a,b,c) € R}, —a\/y? + 22 + by + cz = 0}
z o)
Y2422 0

This tangent space is spanned by Y = a% + i”+ 28% and Z = & +
Y24z

If we take £ = yY + 27 = \/y? —|—z28% —|—ya% +z% € T,A% we have:

wer) = (VTR e )

oy ooy T s 2 ou
= —y+y=0
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8 0 z 0
And g(f,Z) = (\/y +22 +ya ,& + W@m)
= —2+2=0

— VT eT,A3, g(¢T)=0

Therefore we have proved that A3 is a lightlike hypersurface of R$. Let us find the transversal vector
field N such that g(INV, N) =0 and g(§{, N) = 1.

0
Take N = — I g A2
ake 20 +22 { Y+ z + 9, } V(z,y,2) € A
1
d G(N.N) = — (42— _
and g(N,N) 4(y2+z2)2( -2+ 42 =0
= 1 2 2 2 2 2
g N) = 72(y2+22)(y +224 2 +2%)=1 and N ¢ TA3

It is obvious to see that the rigging is null only on the hypersurface and nowhere else, indeed

0 0
let p:(x,y,z)¢/1(2), N, = 2x2{ +y6 +z 7}
g L _ 3 0 0 0 0 0
BN Np) = g gyt e o Ty T 700

1
= R(—x2+y2+z2) #0

The screen distribution S(T'A2) of T A2 is of dimension 1, and it is such that

VT eS(TA), g(T,N)=0

Therefore we can take S(TA2) = (S) where S = zY — yZ € TA?
_ 1 ([ 0 0
And we see that g(S,N) = WQ (Z(’?y — Y= —\/y + z2 —l— Z&z)
— s ) =0
O 2(y? +22) v A=

it is obvious to see that all the Christoffel of the metric vanishes. Therefore,

0
VI =gY + hZ € TA3, V& = Vr(v/y2 +z2 +y8 +z&)

0 0 0
0 0 0

(9 + ) g+ 95+
y2—|—z2 y2+22 8:6 ay 82
= gX+hY =T
VI €TA, Ve = T = Vel =£¢ S(TAY) = 7(6) #0

We can conclude that there is no coincidence between the rigged connection and the induced connection
of the metric.
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4.1.8 Example. Twisted Product ([5], page 249)

Consider (R?, 2dudv) and take (Q, gg) any Riemannian manifold. Consider the twisted product (M,g) =
(Q x R?, gg + 2f%(z,u,v)dudv), being f € C°(Q x R?) a positive function with w(%) # 0 for some
w e Ty, Q.

Let M = {(z,u,v) € Q x R? : u = up} and we consider the submersion

f:QxR?* = R

(x,u,v) = u—wug

M = f~1({0}), hence Vp = (z,u,v) € M, df(p) = du, let X = X, + X“Ou + X v € T,Q x R?,
X € T,M iff du(X) =0 = X*=0

X eT,M iff X =X,+X"0v.

The vector field N = T}Q&u is a null rigging for M, indeed we have du(N) = # # 0, it follows that
N is not a section of T'M and g(N,N) = go(IN,N) =0.

The corresponding rigged vector field is £ = 0v and the screen distribution is S ~ T'Q.

We can compute the Christoffel of § since g is a semi-Riemannian metric.

1

the metric g and its inverse g~ are given by:

9 0 0 9 0 0
g=[0 o0 22 glt=[0 0 3p
0 2f2 0 0 i 0

We know that

Vet =Vt = —1(6)6 — Ade)
= —7(£)¢ since ;15(5) =0.

Therefore,
Vet = Vodv=T%0k =T},0v
1
Ffw — 59””{81)911,1) + 8091;“ — 8ugm,}
1
= 472{2309%}
_ 2
7
So we conclude that 7(§) = —%_

Let PX € TQ, let {z;} be a local coordinate system of T'Q) and {0i} be a basis of T'Q.

We know that Vpx¢& = —7(PX)¢ — AdPX).
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On the other hand,

PX
Vpxé

v

2%

T

2%

Therefore , Vpx& = PX!

PX'0x;

Vpxé = PX'Vy,,0v
PX'T% ok
PX'(T'Y,0v + T, i)

1 .
79’0“{8291”) + avgiu - au.gw}

2
4}2{(%(2#)}
9i(f)
/
%gij{ﬁigjv + 0vgij — 0jgin }
0
0i(f),  PX(f)
R

So, we conclude that ,tlg(PX) =0and 7(PX) = —%(f) VX e I'(TM).

B(PX,Y)
B(X,Y)

On the other hand:

dr (&, w)

G(A{PX),Y) =0and B(£,Y) =0VX,Y € (T M)
0 VX,Y €eI'(TM) therefore M is totally geodesic.

(&)
e
+ 2w (f)
+ 2w (&)—w-(&)#o because [{,w] =0
TR =t

We have M totally geodesic and dr # 0, using Proposition 4.1.4, we conclude that the induced
connection and the rigged connection do not coincide for any choice of the rigging.

4.2 Coincidence between the Induced and the Rigged Connections for

a#1

In this chapter, we are interested in the general case where o # 0 is a function and NV is a closed rigging
and we want to find conditions such that V, = V, where V is the connection on M obtained through
the projection of V along N and V,, is the Levi-Civita connection of M with respect to the metric g,.
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4.2.1 Definition. The screen distribution S(T'M) is said to be totally umbilical if there exists f €
C*°(M) such that C(X,PY) = fg(X,Y) VX, Y € TM, If C =0 then S(T'M) is said to be totally
geodesic.

We say that the rigging N is conformal if there exists ¢ € C*°(M),¢(x) # 0 Vo € M such that

Ay = qb;lg. When d7ij = 0 we say that the rigging N is closed or that (M, g, N) is a closed rigged null
hypersurface.

4.2.2 Definition («-associated metric). We define the a-associated metric of (M, g, N) by :
9o =g +an@mn. (4.2.1)

And we recall from Definition 3.1.4 that The vector field £ over M is g;-metrically equivalent toni.e (n =
91(&;-).

4.2.3 Proposition. The a-associated metric g, is non-degenerate.

Proof. Let X € I'(T'M) such that go(X,Y) =0 VY e I'(TM);

In particular for £ € Rad(TM) C TM ,0 = go(X, &) = 9(X, &) + an(X)n(§) = an(X)n(§), it follows
that n(X) =0, so X € S(T'M). Therefore, we will have ¢,(X,Y) =¢(X,Y)=0 VY € I'(T M),
thus X € Rad(TM)NS(TM). So X = 0, therefore g, is non degenerate. O
We recall the Koszul Identity:

The Levi-Civita connection V, with respect to the metric g, of M satisfies:

2ga(vaUVr7W) = U‘ga(‘/aW)"i_V'goz(U?W)_W‘ga(Uav)_'_ga([va]?W)
+ga([VV= UL V) - ga([v7 W]v U) (4'2'2)

4.2.4 Proposition. When N is closed, we have
g(VuN,V)=g(U,VyN) VU,V € I(TM). (4.2.3)

Proof.
0=dnU,V) = U-75(V)-V-qU)-7([U,V])

—g(N,VyV = VyU)

I
S\‘
<
)
=
=
+
=
=
<
g
SS8SZ
|
ol =3
<
<
=
S
|
ﬂ
=
<
<
=

O

4.2.5 Lemma. [4, page 4] If (M,g,N) is a closed rigged null hypersurface with a conformal screen
distribution, then the 1-form 7 vanishes on the screen distribution.

Proof. Using Proposition 4.2.4, and replacing U = ¢ and V = PX, we have
§(VeN,PX) = §(§,VpxN)
g(r(ON = An(), PX) = 3§ 7(PX)N — Ay(PX))
—g9(An(§), PX) = 7(PX)
—¢g(AdE), PX) (PX)

= 7
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—$B(&, PX) = 7(PX)
7(PX) =0.

4.2.6 Proposition. [4, page 6](Relation between V, and V)

Let V, be the Levi-Civita connection on T'M with respect to the metric g, and V the induced connection
on M from V. Then both are linked by:

VoxV = VxV — %U(X)U(Y)(da)#ga + %[H(X)(iydn)#ga 4 U(Y)(ixdn)#g“]
—i—i[aLN?(X, Y)+2B(X,Y) + da(X)n(Y) + da(Y)n(X)]E. (4.2.4)

Proof. Using Equation (4.2.2) and Equation (4.2.1),

2ga(vo¢XYaZ) = X-ga(Y,Z)—I—Y-ga(X,Z)—Z-ga(X,Y)—I—ga([X,Y},Z)

+90([Z, X],Y) — ga([Y- Z], X)

= X - [gY,2)+an(Y)n(Z)]+Y - [g(X,Z) + an(X)nZ)| — Z - [¢9(X,Y) + an(X)n(Y)]
+9([X, Y], Z) + an([X,Y])n(Z) + 9([2, X, Y) + an([Z, XIn(Y) — g([Y, Z], X)
—om([Y Z))n(X)

= 29(VxY,Z) +da(X)n(Y)n(Z) + aX - (( In(Z) +aX - (n(2)))n(Y) + da(Y)n(X)n(Z)
+aY - (n(X))n(Z) + oY - (n(2))n(X) — de(Z)n(X)n(Y) — aZ - (n(X))n(Y")
—aZ - (n(Y))n(X) + an([X, Y])n(Z) + an([Z, X])n(Y) — an([Y, Z])n(X)

= 29(VxY,Z)+2B(X,Y)n(Z) + da(X)n(Y)n(2) + da( (X)n(Z) + adn(Y, Z)n(X)
+adn(X, Z)n(Y) + ofX - (n(Y)) +Y - (n(X))In(Z) — da(Z)n(X)n(Y)
+an(VxY — VyX)n(Z)

= 20a(VxY,Z) = 2an(VxY)n(Z) + 2B(X,Y)n(Z) + da(X ) Y)n(Z) + de(Y)n(X)n(Z)
+adn(Y, Z)n(X) + adn(X, Z)n(Y) + aLng(X,Y)n(Z) — da(Z)n(X)n(Y)
+2an(VxY)n(Z)

= 294(VxY,Z) +2B(X,Y)n(Z) + da(X)n(Y)n(Z) + da(Y )n(X)n(Z)
+adn(Y, Z)n(X) + adn(X, Z)n(Y) + aLyg(X,Y)n(Z) — da(Z)n(X)n(Y)
Now we use the fact that g, (X, §) = an(X)

= 20u(VXY, 2)+ ZBX,Y)0a(6,2) + - galda(X)n(Y ) +da(Y Ji(X)E +aLyg(X, V)6 2)
+a77(X)ga((in77)#gav Z) + an(Y)ga«ian)#gav Z) - U(X)W(Y)ga(da#gav Z)
And we have the result. O

4.2.7 Proposition. Since N is a closed rigging, then

Lyg(X,Y) =27(X)n(Y) — 20(X, PY). (4.2.5)
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Proof.
= g(VNX)Y)+g(X,VNY)—g(VNX —VxN,Y) - g(X,VNY — VyN)
= g(VxN,Y)+g(X,VyN)=2G(VxN,Y) from Proposition 4.2.4

Therefore, Equation (4.2.4) becomes

Vax¥V = Vx¥ - Ln(X)n(Y)(da)#o" (4.2.6)

+i[2aT(X)77(Y) —2aC(X,PY)+2B(X,Y) + da(X)n(Y) + da(Y)n(X)|¢

4.2.8 Theorem. [4, page 7] Let (M,g,N) be a closed rigged null hypersurface,

1. Let « such that da(PX) = 0 VX € I'(TM) ie « is constant on each leaf of the screen
distribution, then the induced connection V =V, if and only if:

Ae=ady and 2a7(€) + da(€) = 0. (4.2.7)

2. Let a be a non null real number, then the induced connection V = V, if and only if

*

A¢=aAy and T=0. (4.2.8)

Proof. 1.

X = PX+n(X)E
do(X) = n(X)da(§) = ada = da(£)ga(S,-)
ada9* = da(é)E.
Therefore Equation (4.2.6) becomes

Vax¥ = Vx¥ - on(X)n(Y)da(e)e

+%[20”(X)77(Y) —2aC(X, PY) +2B(X,Y) + n(X)n(Y)da(§) + n(Y)n(X)da(€)1€
— VNV 4 %[%W(X)U(Y) 20 C(X, PY) 4+ 2B(X,Y) + n(X)n(Y)da(€)]¢
¥V = V., if and only if
207 (X)(Y) — 2aC(X, PY) + 2B(X,Y) + n(X)n(Y)da(€) =0 VX,Y € [(TM) (4.2.9)
especially for X = Y = £ we obtain

2a7(&) +da(§) =0
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now for Y = £ we obtain
2a7(X) +n(X)da() =0 VX e I'(TM).
Back to Equation (4.2.9), we have

—2aC(X,PY) +2B(X,Y) =0 VX,Y € I(T'M)
9(AdX),Y) = ag(An(X).Y) VXY € I(TM)

FALX) — aAn(X),Y) VX,Y € I(TM)

but we also have that §(;1§(X) —aAN(X),N)=0
FALX) — aAn(X),U) =0 ¥X € I(TM), YU € I(TM)
— AdX) = adAy(X) VX € T(TM).

Now suppose that we have ;152 aAn and 2a7(€) +da(§) = 0, using Lemma 4.2.5 we conclude
that 7(PX) =0V X € I'(TM), therefore
2a7(X)n(Y) —20C(X,PY) +2B(X,Y) + n(X)n(Y)da(§)
= 2a7(X)n(Y) +n(X)n(Y)do(§)
=n(Y)(2a7(X) 4+ n(X)da(§))
=n(Y)(2ar(PX) + 2an(X)7(§) + n(X)da(§))
= n(Y)n(X)(2ar(§) + da(§))
=0.

So Equation (4.2.9) holds.

2. « is a non zero real number, using part 1 of the theorem, we have

Vo=V iff Ac=aAy and 2a7() + da(é) =0

iff  Ac= oAy and 7(€) =0
using Lemma 4.2.5 T(PX)=0V X eI'(TM)

therefore, Vo, =V  iff ;15: aAy and 7(X) =0V X e I'(TM).

O

4.2.9 Proposition. Let (M,g,N) be a rigged null hypersurface. If « is constant on each leaf of the
screen distribution such that it satisfies Theorem 4.2.8, then Theorem 4.2.8 holds for any change of
rigging N = ¢)N, with 1 a non vanishing function and for & = W
Proof. Let us first remark that

VxY =VxY VXY e (TM)
and ¢ga = 9o
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V4 is the Levi-Civita connection of g5 and V,, is the Levi-Civita connection of g,, so V4 = Vo = VV.
Therefore V4 = vV if and only if and only if vV = VN which is already the case. So we have proved
that }

Va =V

O

This proposition means that if the couple (IV, ) ensures the coincidence between the rigged and the
induced connections then for any non vanishing function 1, the couple (¢N,%) also ensures the
coincidence. And by induction all the couples (/P N, ﬁ), p €N,

In the particular case of & = 1, if the rigged connection of g; coincides with the induced connection, so
does the rigged connection of any g4, ¢t € R .

4.2.10 Remark. For some situations, we can have a couple (N, &) where & is a function which is not
constant along the screen distribution and N a non-closed rigging and we still have the coincidence
between the induced and the rigged connections.

4.2.11 Example. (Monge Null Hypersurfaces of R}, [4] page 14)
Let us consider M the Monge null hypersurface of Example 4.1.5 and we endow M with the rigging
Np=4 6% - fqga% - fé%}. The vector field Ny is defined on R* x D but is null only along M. The

corresponding rigged vector field is {f = —aN = x{—ax fuay } the vector field &; is define
on R* x D but is null only along M. Indeed

Uaz

_ 1 , 0 0
g(vagf) = 2g<x_f“_ vaz %_ u@_ vaz>
1
= L (D =
_ 0 _ 9 0 _ 90 9 _,/9 9
x = f(u,v), so —u fufﬂ-a—and%—uax—kazzTM—(au, v>

R$ is plate and we have:

Vol = —VouaN
= —Ou(x)N — 2V N
P o ., 8 0
= hf—xvf;away{aerfUay + va}
0 0
= fu xv@y{ +f;*+ L&}
= figi (f u7+fyvaz)
/ 0 0 0 0
= Jue %— L;)Jrf{,’,v(%— )
’ 0
= Dy F+fyv8> T+ Fofl)
/ 8 0



Section 4.2. Coincidence between the Induced and the Rigged Connections for o # 1 Page 30

We have
— = _ 17 " Q " g 2 /2 /2
g(vaquNf) = 2g(fy,uay+fy,vazaax fuay fvaz)
1_
= LA AL
= 0 from Equation (4.1.9)
= VauN € S(TM).
Therefore since V& = —7(2)€ — Ad 2 lude th Oy _Ji and Ad2) — o1 D
erefore since Vg,§ = —7(5,;) — Ad 5, ), we conclude that 7(5,) = —7* and Ad ;) = 2(fy .5, +
fz///vai) and by the same computation, we will obtain: 7(2) = —’;—{f and Ad &) = z( Zu% - f”va‘z)
On the other hand:
= = 1
v(’?uNf = v(‘)u { fuay fvaz
, 0 0
= —)(2 Z _pZ
_ fu
- Nf+ vf’asc—i-ay{ uay fvaz
. 8
- N + vay{ 7y_ Uaz}
fupnro _ L D L 9
- T f Qx(fy,ua fy,’uaz)
/
v _ up L 9w O
v(911,-/\/‘f - wa 2x(fy7uau +fy,fuav)'
0 1 = 0 1 0 0
Wi | h Av(—) = — Af—) = — (" — "=
e conclude that N(au) 2x2A§(8u) 2:c(fy’“6u fy”(%)
0
and N(%)—@Ag(% _%(fzuau_‘_fzvav)
therefore: ;15:290214/\/ (conformal screen). (4.2.10)

1 )
— S~ Ly~ fig)

= —%(dx + fudy + fidz)
1
= —%(fédu + fldv + fldu+ fldv) since dx = f/du + fidv

= L(ftau s flaw)



Section 4.2. Coincidence between the Induced and the Rigged Connections for o # 1 Page 31

M) = () = — % and n(F) = 7(F) =% = 7=
1
n = —E(f;du—kfédv)
1, L,
dn = d(—=f,) Ndu+d(—=f,) ANdv
e e

= (@) fs— —dfi) Adut (A= D))~ Ldfy) Adv

/ /
= fo “d /\du—ff" dv/\du—i—f “du/\dv—ff" du A dv
l/
1
= (ff Efau)(dv/\du+du/\dv)
= 0.

We take o = 222 and we have

207(¢) +da(€) = 20+ d(22%)(€)
— 20+ 41:d(x)(f:c{% - f;sy + féa%})
= 2a—42%=0.

Now we need to check if « is constant on each leaf of the screen distribution We have shown that
VouN € S(TM) since dim S(TM) =1 = S(TM) = (Vo N) = (f yuau + le//,v%>-

1 8 1" 8 8 " 8
da(fy,u% fy,v%) = 4dx dIE(fyua fy,vai)
= sa(fldut FJ00)(ffu et f)

= 4z (fufy .+ fofy) =0 from Equation (4.1.9)

so « is constant on each leaf of the screen distribution.

All the conditions of Theorem 4.2.8 are satisfied, so we conclude that the Levi-Civita connection of
(M, go) and the induced connection on M coincide.

Vo=V with o= 212,

Example for which there is no coincidence between V, and V.
4.2.12 Example. (Lightlike cone of R?)

Let us consider the Iighlike cone of Example 4.1.7, and we endow it with the UCC- normalization rigging
N = %{—8% gi?y z 6)Z} and with the corresponding rigged vector field £ = \[{a:r +4 ay + %% :

The tangent space is spanned by Y = dy + 2 ma and Z = dz +20

z x Ox”
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_ = 1 0 yo =z0
Vy€ = VYE %‘1‘;@‘1‘;@
l= 0 yd z0

= AV tiay tres

1 [y(_ya 2 9 10}

z 220y _ﬁa)jL;@y

V2
_ 1 1- yj)g _yz 9
V2 270y 220z
We have
2 2
y°. 0 yz 0 1 _ y°. 0 yz 0 o wyod z0
1-2yZ =Y - —gla-HL £2 2, 9T 27
(( x2)8y 229z’ ) 29 (( xz)ay 229z’ 8x+x8y+x8z
L (y,. vy y?
= 75 ~(1=-=5)-=—
x x T
2,2
Y Yo+ z
= (1 - ) )
/2 T
2
_ LYy 9 vz 0
= 0=10 :E2)8y 2 0z S(TM)
Therefore, since Vy £ = —T(Y)f—zlg(Y), we conclude that 7(Y") = 0 and ;15(}’) = —ﬁ [(1 - Z—z)% - %%
. . . * 22 2
and by the same computation, we will obtain: 7(Z) =0 and A{Z) = —%ﬂ [(1 - ?)% - 5—28%].
On the other hand:
_ — 1 o wyo z0
N = Vy——f{-2 449,29
vy vyﬂ{ 8$+x8y+a}82
S yj>g _ ¥z 9
V2r 2270y 120z

This implies that Ax(Y) = ,tlg(Y) and by the same Ayx(Z) = ;15(2) so Ay = ;15

N is a closed rigging and For & = = which is constant along the leaf of the screen distribution, one

has ;15# aAp, so the Levi-Civita connection of (M, g,) and the induced connection on M along the
rigging N do not coincide.
Va#V, for a=uz. (4.2.11)

We have used the following SageMath code to compute explicitly the connection coefficients and
confirm the theoretical result obtained above.
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M = Manifold(3, 'M'); M;X.<x, y, z> = M.chart(); X
M
(M, (z,y,2))

(-]
h = M.metric('h');h[0,0], h[1,1], h[2,2]=-1,1,1;h.disp();

h=—-dz@de+dy@dy+dz@dz
(- IC]

g = M.metric('g"); glo0,0], 9[1,11, g[2,2],9[0,1] ,9[0,2] ,9[1,0] ,9[1,2] ,9[2,0] ,9[2,1]= -1+X,1+X,14X,X,X,X,X,X,X;g.disp() #this is
the metric g(alpha) where alpha=x.

evaluate
g=(z—1)dz®@dz+adz @dy+zdz @ dz+zdy®@de+ (r +1)dy®@ dy+ edy®dz +zdz @ de + vdz @ dy + (¢ + 1) d2 ®@ dz

(-]
nabla = g.connection(); nabla

Yy

0@
XM= M.vector_field module();# XM is the vector field modulus.

(B
nab = h.connection(); nab;nab(h)==0# to check if the connection nab is h-metric.

Vi
True

[+ IE]
XM;N=XM([-1/(sqrt(2)),y/(sqrt(2)*x),z/(sqrt(2)*x)]);N.display()#XM.base_ring(),N is the rigging vector field.

x (M)

1 a V2y 0 V2z 0
75\/§$+ 2z 3y+ 2z Oz

[+ E]
xi=XM([1/(sqrt(2)),y/(sqrt(2)*x),z/(sqrt(2)*x)1);Y=XM([y/x,1,0]1);Z=XM([z/x,0,1]);xi.disp() #xi is the rigged vector fied. Y and Z span
the lightlike cone.

1 a V2y 0 V2z 9
2V T s oy T ae 0e

[+ ]
f=h(xi,xi);f.disp();#f=h(xi,Y);f.disp();f=h(xi,Z);f.disp()

M — R

(z,9,2) — —

[+ IE]
t=nabla(g)#this is to check whether the connection is g-metric.

[+ ]
A=-nab(xi) (Y);A=-nab(N)(Y);A.display()#computing Astar(Y)=A_N(Y).

(7&27\@2) e

2z By

dy 223 0z

0@
P=nab(Y) (Z)#we want to compare the rigged connection nabla(alpha) and the induced connection nabla(N).

[+ ]
nablaN=P-g(A,Z)*N;nablaN.display()# Induced connection.

( zg*zyzfyzhr(mzf(mfl)y*yz)j o, (mgy*zafz*yzzhr(mzy*(Hl)yz*yg)Z) a +( yzgf(mzf(Hl)y*yz)zz*(mgfmyz)Z) a
B 2 2% By B

Oz 2t Ay 2zt

0@
Q=nabla(Y)(Z);Q.display()# Levi-Civita connection.

22t + 22y + 2% + (22 + (222 — 3z —2)y)= £+ 77:3+(zz—m)y+(z2+(z—2)y—z)z E) N 7z3+(z2—z)y+(z2+(z—2)y—z)z Kl
2 (2% + 2%) 2 (z% + 2?) 2 (z + a?) oz

&

Oz

0®
nablaN==Q # Do the induced and the Levi-Civita connections coincide ?

False



5. Conclusion

In this work, we used notions of screen distribution, rigging and rigged vector field to study the ge-
ometry of lightlike hypersurfaces. We recalled the Gauss and Weingarten formulas in the case of
semi-Riemannian and lightlike hypersurfaces and gave the Gauss-Codazzi equations for both cases. In
our main work, we stated and proved the sufficient and necessary conditions for the coincidence in the
case a = 1 [see [2]]. Later on, we stated and proved the necessary conditions for coincidence in the case
where « is a non vanishing function [see [4]]. Furthermore, we proved that if the lightlike hypersurface
is totally geodesic and the rotation function 7 is such that d7 ## 0 then the induced and the rigged
connections never coincide for any change of rigging and later we proved that if (IV,«) is a solution
for the coincidence, then ()N, %) does not change the associated metric hence is also a solution for
coincidence and the latter allowed us to remark that we can have coincidence even when the rigging
vector field is not close or when the function « is not constant along leaves of the screen distribution.

For further researches, we will be considering the case where g, is a Riemannian metric induced on a
null hypersurface and observe which relation is between the induced geometric objects on M by the
ambient and the geometric objects of the couple (M, g, ).
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