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Abstract

This essay aims at studying a utility maximization or optimal investment problem in the presence of a
stochastic endowment that cannot be traded in financial market. We use the dynamic programming
approach to solve the optimization problem. We derive the Hamiltonian-Jacobi-Bellman equation for
the value function for the control problem which is the non linear PDE. Furthermore, the techniques
from the theory of viscosity solution and the homogeneity property of the value function are used to
reduce the dimension of the HJB equation, which makes the problem accessible to numerical solutions.
The main contribution of this project is to develop a finite difference method with implicit timestepping
and non-equidistant grid to solve the resulting non-linear reduced HJB equation. We also derive the
optimal investment strategy and discuss its asymptotic behaviour.

Keywords. Optimal control; HJB equation; stochastic endowment; viscosity solution; finite difference
scheme.
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1. Introduction

We study the problem of optimal control of a pension fund with random endowment. In [3], Chen et
al. defined a pension fund as an investment product into which scheme members pay contributions in
order to build up a lump sum to provide an income retirement. The government also pays back the
income tax deducted from these contributions. In many cases, this is topped up with contributions from
the scheme member’'s employer. There are two main types of pension schemes: defined contribution
(DC) pension schemes and defined benefit pension schemes. Defined benefit pension schemes promise
an income retirement based on your tenure at an employer and the wage you earn. DC pension plans
has become very popular over the last year and are substituting defined benefit pension schemes. The
later case is rigorously treated in [3].

Consider for example a person who receives random salaries during his working life and invests some
initial capital and a fixed proportion of the salary into a portfolio such that the utility of the terminal
wealth at the retirement age is maximized. In this example, the income is stochastic and will not
in general be perfectly correlated with the traded assets in the market and hence making the market
incomplete.

The objective of this work is to analyze the utility maximization or optimal investment problem of an
economic agent under stochastic endowments for a finite time period.

The utility maximization problem of an economic agent by investment and/or consumption dates back
to Merton in [13] and is further studied in [3, 5]. In the literature, there are many approaches to solve
such problems. The first one is called the dynamic programming approach which requires the assumption
of Markovianity on the state process and leads to the HJB equation developed in [2]. The second one
is called dual approach where the assumption of Markovian asset prices can be relaxed is used in [4]
to solve such problems under the assumption that the stochastic endowment is bounded. Here, the
existence and uniqueness of an optimal control are proven, but an explicit representation of the optimal
strategy is decomposed into a regular and a singular part, which is hard to characterize explicitly. In
[12], the authors overcome the problem and relax the hypothesis of boundedness, by introducing the
stochastic endowment as a new control variable. In [11], the approach developed in [12] is extended to
the case of power utility functions, based on the martingale optimality principle and reduce the problem
to the solution of a fully-coupled forward-backward stochastic differential equation, which is still not
easy to solve.

In this work the problem is treated by proving, using analytic and, in particular, viscosity solutions tech-
niques, that the value function of the stochastic control problem is a smooth solution of the associated
HJB equation. Furthermore, the verification approach is used to make sure that given a smooth solution
to the HIB equation, this candidate coincides with the value function. In addition, we prove analyti-
cally and confirm numerically that for large wealth, the optimal strategy approaches the original Merton
ratio. The work is organized as follows. Chapter 2 describes the model formulation and how the HJB
equation arises from the optimal control problem. In Chapter 3, we use the techniques from the theory
of viscosity solution and the properties of the value function, in particular, the homogeneity property to
reduce the dimension of the HJB equation associated to the optimal control problem. In Chapter 4 we
study the asymptotic behaviour of the value function and the optimal strategy, as the initial investment
approaches zero or infinity. Chapter 5 concludes the work and provides some perspectives for future
research.



2. Model setup and optimal control problem

This chapter introduces the Hamiltonian-Jacobi-Bellman (HJB) equation and shows how it arises from
optimal control problem. First of all, problem formulation is presented in section 2.1, afterwards op-
timal optimisation problem is presented in section 2.2, then the HJB equation is derived under strong
assumption in section 2.3. The importance of this is that it will be used as part of the strategy for
solving the optimization problem. Our primary sources for this chapter are [2, 5, 8, 14].

2.1 Problem formulation

To build the model, we follow the same idea as in Chen et al. [2].

We consider a financial market consisting of two assets: a riskless asset (a savings account S°) and
risky asset (a stock S*).

Let T be a fixed finite period,

r € R be a risk-free continuously compounded interest rate,

i € R the average stock return (drift),

o > 0 be the volatility,

S? be the bond price at time ¢ and

S} be the stock price at time . We assume that the two assets follow a Black-Scholes model:
sy = rSpdt
dS} = uStdt + oS dw},

where W is a Wiener process on a filtered probability space (€2, F, (Ft)eep,1)5 P)-

Assume that there is another process ¢ with the stochastic dynamic driven by another Wiener process
WY on the same space correlated with W' with the correlation coefficient p € (—1,1). Then there is
a Wiener process W?2 independent of W such that

W = pW' +bW?,
where b is a constant. Since W is Wiener process and W' independent of W2, we have
Var(WE) =t = Var(pW} + bW?2)

= Var(pW}) + Var(bW$)

= p*Var(Wi) + b*Var(W$)

= p*t + bt
This implies that

1=p2+0> = b==+1-p2

Thus WC can be written as

WY = pWt++/1— p2W2.
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The process c¢; describes a random endowment or income, with the following dynamics:
dey = pocdt + acctthC
= pocdt + oo pdW) + /1 — p2dW2
= pocdt + pUcctthl + ooce ﬂde.
Then given that at time ¢ the initial endowment is y € R, we obtain
des = pocsds + pocesdWE + occa/1 — p2dW2, ¢ =y (2.1.1)

where pc : [0,7] — R and o¢ : [0,7] — R are deterministic right-continuous functions with left
limit.

Portfolio: Let Xy > 0 be the initial capital, 6} the number of stock at time ¢ € [0, 7], 6Y the number
of bonds at time ¢ € [0, 7] and X; the Wealth of portfolio at time ¢ € [0, 7.

Assumption Ai: X; > 0 almost surely, ¢t € [0,7].

1ql
We assume that an agent invests at any time ¢ a proportion m; = % of the wealth in the stock S*

0 Q0
and the remaining 1 — m; = HtX“ji in the bond S° with the interest rate r. Then

_ Xt(l — 7Tt)

In addition, we assume the random income is paid continuously at rate c¢;. Here 05 is called the cash
flow invested in the asset ¢ at time ¢.

Definition 2.1.1. A stochastic process ™ = (mt)ic(o,1] s called strategy.

Special strategies:
e 7w = ( pure bond strategy buys and holds bond.

e m = 1 pure stock strategy buys and holds stock.

o = % mixed strategy.

Assumption As. Self-financing condition.

The wealth process corresponding to the strategy , (Xf)te[o,T} has the following dynamics:

dXT = 02dSY + 6} dS} + c;dt
XI(1—my) X[
S St
= [XT(r +m(p — ) + ci)dt + XFmpod W}

T
t

rSOdt + [uStdt + o SEAW + cpdt

Hence, defining 8 = “7_7’ for an initial wealth z € R} we obtain

AXT = [XT(r + 7500) + cslds + XTmgodW), X[ =z (2.1.2)
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Combining (2.1.1) and (2.1.2) we obtain the following model:

dXT = [XT(r + n500) + cslds + XTmsodW), X[ =2
des = pocsds + paccdesl +occsy/1 — deWSQ, =y (2.1.3)
Assumption As. For the investment strategy 7w and the endowment rate ¢, it holds:
e 7 and c are F-progressively measurable processes with F = (F¢)c[o,77-

e 7 admissible, that is, 7 takes values in a fixed closed convex subset K of R,
T
s € K = / |7s|2ds < 0o and X[ > 0 for every t € [0, T].
0

We denote by A the set of all admissible strategies.

Remark 2.1.1. The square-integrability condition ensures the existence and uniqueness of a solution
for (2.1.3)

2.2 Optimization problem: Optimal terminal wealth

Find an optimal investment strategy «* such that

o(t,z,y) = J7 (t,z,9)

where

v(t,z,y) = sup J"(t,z,y) (2.2.1)

TeAL

with

T (t, 2, y) = E[U(X3""Y)]
and

Ay = {m € A(t,z,y) : ElU(X7"™Y)] < oo}

We call

J™  the performance criterion or reward function,
v the value function of the utility maximization problem,
A1 the set of admissible strategies or admissibility set and
U:R= R, isa constant relative risk aversion power utility function given by
U =2,
Y

for a risk reversion parameter v < 1, v # 0. The properties of the utility are well-studied in [10, Chapter
7]. Here we recall some of them.

Properties 2.2.1. e U is strictly increasing, strictly convave on (0, 400) and twice continuously differ-
entiable

e U'(0) := lim U'(z) = 00, U'(c0):= lim U'(z) =0 (Inada condition)
T—

T—00
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Interpretation

Strictly increasing means that the investor prefers more to less wealth. The strictly concave decreases
the slope of U(z) (U"(x) < 0).

lim U’(x) = 0 can be seen as the saturation effect and lin%) U'(x) = oo (infinite slope at = 0) means
Tr—00 T—

that small money is very much better than nothing at all .

Remark 2.2.1. e The power utility belongs to the class of constant relative risk aversion utility function
because the relative risk aversion

"
RRA(z) = —:CUU/(S;) =1— = const.

e The use of the power utility is well-motivated economically, since the long-run behavior of the economy
suggests that the long run risk aversion cannot strongly depend on wealth.

We are taking as controlled process Y™ = (X7, ¢), and the notation X™b%¥ stands for the first
coordinate of the process Y™ starting from the point (x,y), respectively the initial wealth and the initial
endowment, at time ¢.

Note that the process ¢ does not depend on the control 7, nor on the initial wealth. Therefore, we can
write ¢¥ for ¢™bTY,

2.3 Derivation of Hamilton-Jacobi-Bellman (HJB) equation

To derive the HIJB equation for optimization problem in section 2.2, we follow the same idea as in [§]
in the case of optimal terminal wealth and we apply the well-known result in stochastic control, see [14,
Chapter 3].

Given an optimal control problem in section 2.2, we have two natural questions to answer:
(a) Does the optimal strategy exist?
(b) Given that an optimal control exists, how do we find it?

The main idea is to transform our original problem into a partial differential equation (PDE) known
as the Hamilton-Jacobi-Bellman equation. The control problem is then shown to be equivalent to the
problem of finding a solution to the HJB equation. We are now going to describe the transformation
procedure, and for that purpose we assume the following:

1) there exists an optimal control 7%,

2) the optimal value function is regular (v € C'%?) and the dynamics of the controlled process is given
by

dY] = (X7, cs,ms)dt + o( X7, cs, ms)dWs. (2.3.1)

Let G(x,y,m) = o(x,y,m) - o(x,y,m)" and let K be a closed convex subset of R, we have the
following:
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Theorem 2.3.1. Under the above assumptions, the value function (2.2.1) satisfies the HJB equation

J ) otz ), (232)
at peK

where LP is the generator of the controlled process (2.3.1) given by

0?
P—§ § i 23,
L Z1,u xyp G 0 07’ (2.3.3)

with terminal condition

v(T,z,y) =U(z), V (x,y) € (0,00) x (0,00).

Proof. To prove Theorem 2.3.1, we
o fix (t,z,y) € [0,T] xR x R,

e choose h > O such thatt+ h < T,
e choose an arbitrary control m € Aj;.

Define a control 7 by

N w(s,z,y), (s,z,y) € [t,t+h] x RxR
(s, x,y) =
(s, z,y), (s,x,y) € (t+h,T] xR xR
Expected utility for strategy 7*: This is trivial, since by definition the utility is the optimal one given by

T™ (¢, x,y) = v(t,z,y).
Expected utility for strategy 7: We divide the time interval [¢t,T] into two parts, the intervals [t, ¢ + h]
and (t + h, T respectively.
(i) The expected utility, using 7 for the interval [t,t+ h), is zero since we are dealing with an optimal

terminal wealth.

(i) In the interval [t + h,T] we observe that at time ¢ + h we will be in the state (X[, ,, cs14). Since,
by definition, we will use the optimal strategy 7* during the entire interval [t + h,T] we see that
the remaining expected utility at time ¢ + h is given by v(t + h, X[\, ctyn). Thus the expected
utility over the interval [t + h, T, conditional on the fact that at time ¢ we are in state (x,y), is
given by

Et@vy[v(t +h, XZT—&-hv ctJrh)]'

Then the total expected utility for strategy 7 is

J%(ta x, y) = Et,x,y[v(t + hv Xtﬂ—-i-ha Ct-‘rh)]'

Comparing the strategies: Since 7* is optimal we have

Tt x,y) > J%(t,x,y) (with equality if ™ =7").
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This implies
v(t,x,y) > Eppylo(t + h, XD, copn)) (2.3.4)

We apply the Dynkin's formula to obtain

ov

t+h
B o+ 1 X prcvan)] = o) + By | [ (G5 £70) (X7 s
t

where L7 is the generator of the state controlled process given by (2.3.3).

Substituting back in (2.3.4) yields

t+h 7 9
Et 2.y [/ ((,% + EWSU> (s, XT, cs)ds] <0.
t

Going to the limit: Now we divide by h, move h within the expectation and let A tend to zero. Assuming

enough regularity to allow us to take the limit within the expectation, using the fundamental theorem
t+h
1

of integral calculus <h (s)ds — f(t) as h — O> and recalling that X[ =2 and ¢ =y
t

we get
M + »va(t,df,y) < 07
ot
which is equivalent to
ovu(t
- ”(éf’y) — LPu(t,2,y) > 0. (2.3.5)

On the other hand, suppose that 7* is an optimal control. Then (2.3.4) becomes
U(ta z, y) = ]Et,:v,y[v(t + ha XZT-:ha Ct-‘rh)]‘
Using the same argument as above, we obtain

- &’(ta’f’y) — L u(t,z,y) = 0. (2.3.6)

Combining (2.3.5) and (2.3.6), we suggest that v should satisfy the PDE called Hamilton-Jacobi-

Bellman equation
ou(t
_Qultzy) = sup{LPv(t,z,y)}. (2.3.7)
(9t peK
O
Lemma 2.3.1. Given the initial wealth x and the initial endowment y at timet, the HJB equation (2.3.2)
becomes

1 1
—v = sup{[z(r + pol) + ylvs + NC’(t)yUy + *(fL‘pU)Q’sz + *(ng(t))vay + pO'O'C(t)yprxy}a

peK 2 2
(2.3.8)
with the terminal condition

v(T,z,y) =U(x), Y (x,y) € (0,00) x (0,00).
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Proof. We recall that given the initial wealth x and the initial endowment y at time ¢, the dynamics of
the controlled process is given by

decs = pocsds + paccde 4+ occsy/ 1 — dI/V2 ce =1
dXT = [XT(r + 7500) + cs]ds + X msadWh X[ =«

We recall also that the dynamics of the controlled process Y™ = (X7, ¢) is given by
AYT = p(XT, e mo)dt + 0 (XT, o, ms) AW,
where
x(pol +71)+y xpo 0 Wi

w(z,y,p) = , o(z,y,p) = and W =
pe(t)y poc(t)y yoo(t)y/1— p? W2

We hence have

Tpo 0 xpo poc(t)y
G= G(xvyvp) = O'(l‘,y,p).O'(CC, yap)T = .
poc(t)y yoo(t)y/1 - p? 0 yoc(t)y/1—p?
Thus

(zpo)? pooc(t)zyp

G(z,y,p) =
pooc(thyzp  (yoo(t))?

The generator of Y™ is given by (2.3.3) becomes

2

2
. 1 .
i=1 i=1 i

v ov 1 v 1 v 1 9% 1 0%
1 2 11 1 22 112 1 o1
= (@y.p) Ox + 17, y:p) oy + 2G Ox? + G Oy * 2 Oxdy 2 Oyox
ov ov 1 v 1 0% 0%v
0) + 4 2° = (2po )2 2 4 S (yoo())? v
= [z(r + po )+y]a + pe(t)y Vo, t 5 (@po) 55 + 5 (yoc(t)) a7 + pooc(t )yl‘pawy,

which can be written as

1
~(yoc(t) vy, + pooc(t)yzpusgy,.

1
f(a:pa)va + 5

LPu(t,z,y) = [x(r + pob) + ylvy + pe(t)yvy, + 5

Hence the Hamilton-Jacobi-Bellman equation (2.3.2) becomes

1
B (yoo (t))2vyy + pooc(t)yrpugy}

with terminal condition (2.3.9)
o(Tzy) = Ulx), ¥ (2,9).

1
— v = sup{[a(r + pot) + ylve + pe()yvy + 5 (2po) ves +
peK



3. Hamilton-Jacobi-Bellman equation

The HJB approach for solving the optimal control problem consists of solving the HJB equation in order
to obtain the value function. But there can be many solutions or no solution for equation (2.3.9). That
is why the notion of viscosity solution of the HIB equation is needed. The purpose of this chapter is
to use techniques from the theory of viscosity solutions to prove that the value function is the unique
viscosity solution to the HJB equation (2.3.9) in Section 3.2 and then using this to reduce the dimension
of our HJB equation in Section 3.3. In Section 3.4, the verification approach is used to confirm that
given a smooth solution to the HJB equation, this candidate coincides with the value function. We
begin with some useful properties of the value function.

3.1 Some properties of the value function

All results in this section are obtained by extending the methods in [14, Chapter 3] in dimension 1 to
the dimension two case since we are dealing with the problem of optimization of terminal wealth in the
presence of a random endowment.

Proposition 3.1.1. The value function v(t,xz,y) is increasing, concave, and hence continuous in the
second variable in the interior of the domain.

Proof. e We want to show that the value function is increasing.
Fix 0 <z <zx2, 0<t<T and y > 0.

To ease the notation we set X! = X™5%1¥ and X2 = X™02Y, |et Z, = X2 — X! for s >t Then
(Zs)s>0 satisfies the following:

dZs = Z|(ms00 + 7)dt + meodW2], Z; = x5 — 21 > 0.
Indeed,

dZs = [ X2(ms00 + 1) + c5|dt + X2msodW) — (X (7500 + 1) + ¢5)dt + X rsodW]
= (X2 — X)[(ms00 + r)dt + msodW}]
= Z[(ms00 + r)dt + meod W}

and at time t , Z; = X? — X! = 29 — 21 > 0.

Then Z, > 0 for all s > ¢, this implies X2 > X!. Using the increasing property of the utility function
we have that for all m € A,
U(X7) <U(X7).

Then for all m € A,
E[U(X7)] < E[U(X7)] < v(t, 22, ).

Thus

sup E[U(X7)] < v(t,x2,y).
TeA



Section 3.1. Some properties of the value function Page 10

Hence
'U(t, .’I;l, y) S ’U(t, x27 y)

This shows that the value function is increasing in the second variable.
e We want to show that v is concave.

Fix again 0 < t < T, x2, 1 > 0 and 7!, 72 € A; two controls and A € [0,1]. To ease the notation

we set X1 := X™ b2y and X2 = XTbony, X% i = 1,2 is the process starting at time ¢ from
xi, ¢ = 1,2 and controlled by 7%, ¢ =1, 2.
Define

AXinl+ (1 - N X322

A 1 2 A 1 2 A
= 1 — = 1 — =
x Azt + (1= N)z*, X AX '+ (1—XN)X* and 7] XL+ (1= VX2

Then 7 € A; since A; is a closed convex set and 7!, 72 € A;.

Moreover, from the linear dynamic of the wealth process, we see that (XS)‘)S>,5 is governed by:

dX) = [XM7200 + 1) + cW¥]ds + X2 ndodW), X = 2.
Indeed,
dX} = X! + (1 - N)dx?
= M[X2(miof + 1) + cb¥dt + X2mlodW) ) + (1 — N) {[X2(7200 + 1) + cLV]dt + X w2od W, }
= {XI7rl+ (1= NX2r200 + rAXL + (1= N X2} dt + cb¥dt + A X rl + (1 — N X 2n2)odW;
= (X200 + X2r)ds + ctds + X dodW}!
= [ X} (7200 + 1) + cL¥]ds + X ndodW}
and X7 = AX} + (1 - VX2 = Aol + (1 — N2

This shows that X* is the wealth process starting at time ¢ form 2* := Az 4+ (1 — A\)2? and controlled
by 7.

By the concavity of the utility function U, we have that
UMXF+ (1= NX2) > MNU(XE) + (1= MU (X32).
Taking the expectation in both side of the inequality we have for all 7!, 72 € A,
v(t, et + (1= N)z?y) > E[UNXF + (1 — M) X2)] > AE[U(XF)] + (1 — ME[U(XZ)].
Thus

v(t, dat + (1= N)z?,y) > X sup E[U(XH)] + (1 — \) sup E[U(X2)].
TeAl TeAL

We deduce that
v(t, Aet + (1= N)a®,y) > Mot 2t y) + (1= No(t, 2%, y).

This shows that the value function is concave. O
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Definition 3.1.1. A function f is homogeneous in (x,y) with degree k if and only if
f(ta,ty) = t*f(z,y) Vt>0.

Remark 3.1.1. If f is homogeneous with degree zero the can write

f(x,y)Zf(y'jy'l) =f<§j,1> =g(§>,

where g is a function of one variable given by g(z) = f(z,1).

This motivates the following:

Lemma 3.1.1. The value function ( 2.2.1) is homogeneous in (x,y) with degree ~y, and therefore there
exists a function w : [0,T] x (0, 4+00) — R such that v can be represented in a separable form as

v(t,z,y) =y'u (t, x) :
y

To prove this lemma we use the following.

Proposition 3.1.2. Under the assumption of the model (2.1.3), for every fixed strategy m, the explicit
solution of equation (2.1.2) is given as:

th’y
XLy = g;+/ 7 du | Zs, (3.1.1)
S u

where Z is a stochastic exponential factor given as:

Zs = exp {/ [(ﬂ'uUG +7r)— ;(WUU)Q] du + / UﬂudWJ} )
t ¢

Proof of proposition 3.1.2. Let P be a continuous semi-martingale with Py = 0, we define the stochastic
exponential of Ps, written £(P)s as (see [15, Chapter 1]), which is the (unique) semi-martingale Z which
is a solution of

S
Zs=1 +/ Z,dP,,
0

given as

We have now

1 S
Zs = exp {/ [ (myof + 1) — 5(7@ )2] du —l—/ UﬂudWJ}
t t
S 1 S

= exp {/ (00 + 1r)du +/ Uﬂ'udW& — 2/ (Wuo)Qdu}

t t t

l

= exp {Ps 5 }

= P)s7
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S S
where P, = / (7ru09+r)du+/ om,dW,. P is clearly a continuous semi-martingale starting at time
¢ t
t from P, = 0.
Recall that, for a fixed strategy 7, the wealth process X = X™ has the following dynamics:

X = [Xo(r +m00) + ci]ds + Xmood W), Xj =z

which can be written in terms of P as follows:

dXs = [Xs(r + ms00) + c¥])ds + XsmsodW
= cVds + X,dP;.

This implies that
S S
X, = X; + / cYdu + / X, dP,,
¢ t

so that 5
X, = H, +/ X, dP,, (3.1.2)
t

S
where Hy, = x + / cf;ydu is an adapted process with continuous paths of finite variation started at
t

time ¢t from H; = x.

We apply the result in [15, Theorem 52|, to obtain the explicit solution of (3.1.2) given as:

XY = £(P)s {Ht + /t g(lp)sd(Hu — (H, P>u)} :

Since a cadlag process H is of finite variation, we have (H, P),, = 0 and using the fact that

Hi =z, E&(P)s = Zs and dH, = ¢;du we hence have

t Ct7y
X;vxvy = €T +/ Zu du Zs-
S u

Proof of Lemma 3.1.1. Recall that the random endowment has the following dynamics:
dey = pocdt + UcctthC

We apply the 1t6 formula to the function log x to obtain
S 1 S
Y = cpexp {/ [uc(u) — zaé(u)} du +/ Jc(u)quC} =y&(Q)s,
¢ t
where Qs :/ uo(u)du—i—/ oo(u)dWE.
¢ ¢

It clear that the random endowment c is linear with respect to the initial value y. This means that for
tky _ g by
all k > 0, cg™ = keg”.
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From section (2.2) we have that

v(t, kx,zy) = sup E [

(Xw,t,km,ky)w
TeAL :| '

v

But from equation (3.1.1) we have that

mt,kx,k ! czky ! kCZ’y ! czy m,t,x
XU = | ke + Z du | Zs = | kx + Z du | Zs=k|x+ Zdu Zg=kXTH5Y,

Hence

v(t, kx,zy) = sup E
TeA]

5
<X”m>q

=K supE[
Y

TeAL
=Kv(t,z,y).

This shows that the value function is homogeneous in (z,y) with degree ~.

This means that we can define a function w : [0,7] x (0,+00) — R by u(t, z) = v(t,z,1) and then,
for every y > 0, we will have that

v(t,z,y) =0 (t,y-x,y&) =yl (t,$,1> =13"u <t,x>.
Yy Yy Yy

3.2 Viscosity solution of the Hamiltonian-Jacobi-Bellman equation

In this section we analyze the HJB equation (2.3.9), using results from the theory of viscosity solutions.
In particular, we show that the value function v is the unique viscosity solution of (2.3.9). We begin by
defining the notion of viscosity solution as given in [14, Chapter 4]. There are a number of equivalent
ways of defining viscosity solutions for parabolic PDE. In [14, Chapter 4], the notion of viscosity solutions
is treated in detail, however for this work, it will be more helpful to use the definition from [5], where a
less restrictive condition is placed on the auxiliary notions of a viscosity subsolution and supersolution.
To be specific, subsolutions and supersolutions will be allowed to be semi-continuous, whereas in [5],
these are taken to be continuous.

In the sequel we will use the following:

Notation 3.2.1. Let O = [0,T] x (0,+00) x (0, +00) be a domain. Let ¢ € C1(O), then we denote
by @y the partial derivative with respect tot, Dy = (g—‘i, %)T € R? the gradient of p and D%y € S,
the Hessian matrix of @, where So is the space of 2-dimensional symmetric matrices.

Definition 3.2.1. Let F': O x R x R%2 x S5 — R be a continuous function. According to [14, Chapter
4] the function is called parabolic if for all (t,z,y,q,p, M) € O x R x R? x Sy and § € R

¢ <q= F(t,z,y,q,p,M) > F(t,x,y,q,p, M).
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Using the above notation we can write the HJB equation (2.3.9) as

F(taxvyu $,4,D, M) =—q + sup {[_ypl - ,U,C(t)yPQ - (7’ + 7Tt0'9)p1

mEK

1 1
— §($Wt0)2M11 — i(yac(t))2M22 + pooc(t)xymMia}.

So, the HJB equation (2.3.9) can be written in the compacted form
F(t7 x’ y7 /U(t7 x? y)’ /Ut(t7 :L‘7 y)7 ‘D/U(t7 ‘/1:7 y)’ D2U(t’ x’ y)) = F(t7 :L" y’ 87 Q7 p’ M) = 0' (321)

Definition 3.2.2. Given a locally bounded function w : O — R, we define

1) its upper-semicontinuous envelope

w*(T) = limsup w(x),
T—7T

2) its lower-semicontinuous envelope
ws(Z) = liminf w(z).
T—T

We recall that w is continuous if and only if w = w, = w* on O.

Definition 3.2.3 (viscosity solution). Let w : O — R be locally bounded.

i) w is a (discontinuous) viscosity subsolution of (3.2.1) on O if
F(i,7,5,0"(4,7,7), ¢:(8,7,7), Dp(t,7,7), D*¢(1, 7,7)) <0,

for all (t,%,%) € O and for all ¢ € C12(O) such that (w* — ¢)(t,7,7) = ( ma)xo(w* —)(t, z,).
t,x,y)e

i) w is a (discontinuous) viscosity supersolution of (3.2.1) on O if
F(t,7,5, w1, 7.9), 21(8,7.7), De(t,7,7), D*¢(1,7,7)) > 0,

for all (t,7,y) € O and for all ¢ € CY2(0) such that (w. — ¢)(t,7,7) = ( mi)no(w* —o)(t, z,y).
t,x,y)E

iii) We say that w is a (discontinuous) viscosity solution of (3.2.1) on O if it is both a subsolution and
supersolution of (3.2.1) on O.

Theorem 3.2.1. The value function (2.2.1) is a viscosity solution of the HJB equation (3.2.1) associated

to the optimization problem.

Proof. See appendix A O

3.3 Reduced form of Hamilton-Jacobi-Bellman equation

To reduce the dimension of HJB equation we use the homogeneity property of the value function and
technique from the theory of viscosity solutions. This technique is used already in [5] in the case of
optimal consumption problem and in [2] in the case of optimal investment with time-varying stochastic
endowments.
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Theorem 3.3.1 (Viscosity solution for reduced equation). 1) For a fixed initial random endowmenty >
0, define u(t, z) = v(t, z,y). Thenw : (0,T] x Rt — R is a viscosity solution of the reduced PDE
with parameter y:

1
Ty + G + po(t) i — 2] + Sod (0 (y = 1)1 = 2(y = 1)20: + 25+

1
sup {(7‘(‘0‘9 + )2, + 5(7T0)222ﬂzz + poc(t)or(y —1)zu, — poc(t)mrzzuzz} =0, (3.3.1)
meA;

ol
u(T,z) = — Vz>0.
Y
In particular, fory =1
1
ug +uy + po(t)yu — zu.] + 5‘7%‘(75)[’7(’7 —Du—2(y — 1)zu; + Zz“ZZ]"’

1
sup {(7’[’0‘9 +7)zu, + §(ﬂ0)2z2uzz + poc(t)om(y —1)zu, — poc(t)mrz2uzz} =0, (33.2)
meA;

2) The value function of the control problem in Section 2.2 is given by

v(t,z,y) =y u (t, i) NVt x,y) € O,

where u : (0,T] x Rt — R is the unique viscosity solution to equation (3.3.1) fory = 1 with
polynomial growth at infinity.

Proof. The proof of Theorem 3.3.1 follows from the one given in [2, Section 2.2]. But here we show
first of all that @ satisfies equation (3.3.1).

e We show that @ satisfies equation (3.3.1). From Lemma 3.1.1, we have for a fixed 5 > 0

v v v

ot z,y) = v (t,y SN y) = <y> v <tyxy> = <y> u<tyx> = <y) alt,z), 2=

vy oy y Y Y Y Yy Y Y

We use the chain rule (g—g = %~%) to write the partial derivatives of @ in terms of the partial derivatives
of the value function v, we obtain:

—1 —2 —2
_ y 'Yi - Y ol B - _ y ol 17 y ol T
Vg = | =) U, U = | = Uz, Vzy = Uyz = (’7 - 1) = —Uz — |\ = —Uzz,
Yy Y Yy Y Yy Yy
—2 —1 —1
(y\TT oy (y\TT e
Vg = | = Uzz, Uy =71\ = —“u—\ = —Uz,
Yy Yy Yy Yy Yy

vy =2y = 1) (i)” u-27-1) (& e, (3’)” (“’”)QU (333)

vy Yy Y
At the point (¢, z,7), the partial derivatives (3.3.3) become:

_ _ _ 1 _ _
Ut = Ut, VUgp = Uz, Ugy = Uzz, Ugy = 5[(7 - 1)uz - ZUzz]a

1 1
Uy = :[7ﬂ - Zﬁzz], Vyy = ?[7(7 - 1>ﬁ - 2(7 - 1>ﬁz + Z2ﬂzz]- (3'3'4)
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Substituting (3.3.4) into JHB equation (2.3.9) gives

1
u; + sup {(r + ms00)zu, + yu, + po(t)[yu — 2u,,] + §(wta)2zzﬂzz+
TeAl

%(ac(t))2[’y('y — 1)@ — 2(y — 1)@, + 2%0,.) + pooc(t)rz[(y — 1), — 27.,]} = 0. (3.3.5)

Taking out of the supremum terms independent of the control 7 in (3.3.5) lead to (3.3.1). At the
terminal time 7" we have directly (7, z) = v(T, 2,7) = %
e To prove 1) we must prove that the function @ is both a supersolution and subsolution of (3.3.1).
We just show the supersolution property, because the proof of the subsolution property is completely

analogous and is already done in [2, Section 2.2].
Define the following operators:

for (t,z,y) € O, s=v(t,z,y), ¢ =v(t,z,y), p= Dv(t,z,y), M = D?v(t,z,y)

F(t,x,y,s,q,p, M) = —q+ Sup {[—yp1 — pc(t)yps — (r + ws00)p1
TeA

1 1
— §(x7rta)2M11 — i(yac(t))QMgg + pooc(t)xymMia}.

For (t,2) € [0,T] x (0, +00), § fixed, s =(t, 2), q=T(t,z), p= 2tz pp = Lult2)

0z 022
. ~ 1
FO(t, 2,5,q,p, M) = —q = 5p — po(®)ys — 2p] = Spe@y(y = s — 2(y = zp + 2 M]
1
— sup {(7‘(‘0’0 +7)zp+ 5(770’)2,22]\4 + poc(t)om(y —1)zp — pac(t)mrz2M} :
mEA;

(3.3.6)

Recall that, by Theorem 3.2.1, v is a solution of equation (3.2.1). In particular, v is a viscosity

supersolution, which implies that for each fixed point (¢, 20,7) € O and for each test function ¢ €
C12(0) such that

0= (v—o¢)(to,20,y) = min (v—p)(t,z,y), (3.3.7)
(t,z,y)eO
it holds
F(t(b 20, y? U(t()v 20, y)a gpt(t()? ZO,@), D(p(t(]a 20, y)7 DQ(p(th 20, y)) Z 0. (338)

We want to show that the function @ is also a viscosity supersolution of the reduction form (3.3.8), i.e.
for every (tg, z0) € [0,T] x (0, +00) and for every v» € C*2(]0,T] x (0, 400)) such that

0= (@)t z0) = _omin (@ 0)(2) (33.9)

It holds -
F® (to, 20, a(to, 20), Y1 (to, 20), DY (to, 20), D*b(to, 20)) > 0.

Let hence v € C12([0,T] x (0, +00)) such that 1 satisfies (3.3.9), this implies that 1 (to, 20) = (to, 20)
and ¢ <@ on [0,7] x (0, +00).

Define
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Then at the point (to, z0,7),

QO(th ZO?@) = 7/1(7507 ZO) = H(tﬂa ZO) = U(t(]v ZO?@)
and for every (t,z,y)

s (3) o (5) < () (o) =

Moreover, the function ¢ is of class C12(0) and using the partial derivatives (3.3.4), we deduce the
partial derivatives of ¢ in terms of the partial derivatives of ¢, we obtain at the point (%o, z0,7)

1
Yt = 1/% P = wzw Prx = sza Py = 5[(7 - 1)% - leﬁzzL

1 1
Py = ihw — 2], pyy = ?h(v — 1Y = 2(y = D) + 2%2.].
Then the viscosity supersolution property of the value function yields

0< F(th 20,9, U(to, Zan)v @t(t()a ZO)?)? DQD(to, ZOvy)v D280(t0a ZO?@))

= _wt - y¢z - MC(tO)[’Wp - sz] - %NO(tO)[V(’V - 1)1:Z) - 2(7 - 1)21/)2 + 221/122]

- sup {(m )2 + 5102 es + poc(to)omly — 1)z - pac<to>m2wzz}
TEAL

= FO)(tg, 20, u(to, 20), e (to, 20), D (to, 20), D*(to, 20))-

This implies that, at the point (%, zo)

F®(to, 20, 1(to, 20), P1(to, 20), D¥(to, 20), D> (to, 20)) > 0.
e The proof of 2) can be found in [2, Theorem 2.4]. O

Up to now, we only know that the value function v is the unique viscosity solution of the HJB equation.
Under suitable conditions on the parameters in the dynamics of the endowment process it can be shown
that classical solutions to our reduced HJB equation (3.3.2) exist. To obtain regularity of the solution
of the HJB equation, we need the following:

Theorem 3.3.2 (Regularity of solution). Assume that the coefficients uc,oc : [0,T] — R are con-
tinuously differentiable and that there exists ¢ > 0 such that oc(t) > € for every t € [0,T], then the
value function v € C12(0).

Proposition 3.3.1. The proof Theorem 3.3.2 can be found in [2, Theorem 2.7].

3.4 The optimal strategy

In order to simplify the optimization problem, we have reduced the HJB equation by one dimension.
Due to this, we can then solve the deduced to get the solution of the original one. We can also prove
by means of a verification theorem (see [14, Theorem 3.5.2]) that given an optimal strategy for the
reduced problem we can derive the optimal strategy for the original one. To prove the optimality of the
strategy, we use the regularity of the value function.
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Proposition 3.4.1. Assume that u € C'? is a classical solution to equation (3.3.2), then the optimal
strategy is Markovian and is given by
Ht = h(t7 X;-I, Ct).

where

0 — poc(t)(1—~)y %=\ t
6= poc1 =)y ( y> + pocl ), if I1; belongs to K (3.4.1)
g r Uzz (t, %) g

Proof. Let g : K — R defined by

9(p) = (pot + T)guz (t, z) + %(pa)2 <z>2uzz <t, z>
~prcttion =) () s (12) = pocten (£) we (17)).

The first derivative of g is given by

o= o6 (1) 427 (5) 0 (1)
~poeet =) (5) e (t’ D —poc(t)o (5)2 Uss (t, 5) .

Setting ¢'(p) = 0 yields

h(t7$7y) = -

Furthermore,

2
") = o2 (‘”) 0 (t, x) <0,
() Yy

since wu is strictly concave. Thus g is strictly concave on the closed convex set K. Hence our candidate
&

p* is a maximizer if II; belongs to K.
We conclude that the Markovian strategy is given as

L = h(t, X\ 1), (3.4.2)
where h is given by (3.4.1)

The next step is to prove that the Markovian strategy is optimal, i.e. we want to show that

v(t,z,y) =E [U(X;l;[)} .

Fix t € [0, 7] and let hence (Xs)c[, 7] be the solution to



Section 3.4. The optimal strategy Page 19

dX, = [X,(r + 00) + cslds + X IL,odW}, Vse (t,T), X; ==z
des = po(s)esds + oc(s)esdWC, Vs e (t,T) ¢; =y,
with II as in equation (3.4.2).

Define
Zs:=—, Us=u(s,Zs) and Vg =clUs.
Cs
Since Z is a well-defined semimartingale, and u(s,.) is a concave function, the process Us is also a

well-defined semimartingale. This is a consequence of an application of Itd formula, which yields:

e For the process Z:

dZs = Z{—pc(s) + 02 (s) — Uspooc(s) + b0 + r}ds + ds+
Z{Il,odW} — oo (s)dWE}. (3.4.3)

Indeed, the partial integration gives

11 1
dZs = Xod— + —dXs +d <X, > (3.4.4)
c S

] Cs C
Let f(z) = 1. Then ) ,
f'(x) = — 2 and f'(@) = 3

We apply the 1t6 formula to the function f(cs) = C—ls to obtain

1 1 1/2
d— = ——dc, + = < 3> dlc)s

Cs Cg 2 3
1 2 2
= — = {nc(s)esds + o0 (s)csdWC) + CSUCC?;(S)dS
1 ools

Since W€ is correlated with W', with correlation coefficient p, we then have

1 Xs
d <X, > = ——pooc(s)sds. (3.4.6)
c S

Cs

Substituting (3.4.5) and (3.4.6) into (3.4.4), to get

Xs
dZs = Z2[(r + y08)ds + yod W] + ds+
Cs
1 Xs
X {0(0(2}(3) — no(s))ds — UC;(S)dWSC} =, Pooo(s)lsds. (347

Substituting Z, := f—; to obtain (3.4.3).
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e For the process Us = u(s, Zs), under the assumption that u € C12,

dUs = {us(s, Zs) + uz(s, Zs) + Zsu, (s, Zs)[—pc(s) + 02 (s) — Hsypooc(s) + 00 + 1]
1 1
+ §(HSU)QZQUzz(S, Zs) + iaé(s)quzz(s, Zs) — pooc(s) s Z2u,. (s, Zs) }ds (3.4.8)
+ Zsu,(s, ZS){HSadVVS1 — Uc(S)dWSC}.

Indeed, the I1t6 formula for time-dependent functions applying to the function Us = u(s, Zs), gives
1
dUs = ug(s, Zs)ds + u,(s, Zs)dZs + Euzz(s, Zs)d(Z)s. (3.4.9)
Notice that Z is driven by two correlated Wiener processes W' and W¢.

Then

d<Z>s = d<ZsHsJW1 - ZSUC(S)WC>S
= d(Z oW + d(Zoc(s)WO) s — 2d(Z oW, Zyoo(s)WE)
= {(1;0)2Z% 4+ 02.(5)Z2 — 2pooc ()1 Z2}ds. (3.4.10)

Substituting (3.4.3) and (3.4.10) into (3.4.9), we get (3.4.8).
e Finally, for the function Vi = clu(s, Zs) we get again by the partial integration formula
AV = H{us(s, Zs) + us(s, Zs) + Zsus (s, Zs)[—pc(s) + (1 — y)od(s) — (1 — y)spooc(s) + Mo + 7]
1 1
+ §(HSJ)2Z2u22(s, Zs) + iaé(s)quzz(s, Zs) — pooc(s)s Z2u.. (s, Zs)

+ yu(s, Zs) <,uo(s) + 2 ; 10%(5)) tds (3.4.11)
+ H{ Zgu. (s, Z)MeodWE + [yoo(s)u(s, Zs) — Zsu(s, Zs)oc(s)|dWE}.
Indeed, the partial integration applying to Vi = cdU, gives
dVs = c]dUg + u(s, Zs)dc] + d{Us, c)s. (3.4.12)

Let g(x) = 7.

Then

g (x)=~2""" and ¢"(z) = y(y - 1272
We get by the one-dimensional 1t6 formula

~1 1 —2

dej = ey des + ory(y — 1)eg™7d{e)s
1
= vl Hpo(s)esds + oo (s)esdWC] + i’y('y —1)clok(s)ds

0%(3)) ds +~v)oc(s)dWE. (3.4.13)

= ¢} (uc(s) + 7

Due to the fact that W' and WY are correlated,
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d(Us, €l)s = d(Zsu, (s, Zs)yodWE — Zou, (s, Zs)oc(s)dWE  yeloc(s)WE),
= (Zsuz(s, Zs)ycl pooc(s)y — Zsu, (s, Zs)ycloc(s)?)ds. (3.4.14)

Substituting (3.4.13) and (3.4.14) into (3.4.12), we get (3.4.11).

By definition

X Xs 1 1
Vs = clu(s, Zs) = clv <s, ==, 1) =clv <5, =, —. cs) = c]—v(s, Xs,cs) by the homogeneity of v
Cs Cs Cs Cs

then
Vs = v(s, X, ).

Since u satisfies the HJB equation (3.3.2) and for a strategy II = II* the supremum is attained. The
stochatic differential dV in (3.4.11) can be written as

dVy, = {0 - ds + Zsu.(s, Z)sodWLt + [yoo(s)u(s, Zs) — Zsu.(s, Zs)oc(s)|dWEY.  (3.4.15)

Integrating both sides of (3.4.15) yields
T
Vp -V, = / A{Zou. (s, Z)UeodW} + [yoo(s)u(s, Zs) — Zsu. (s, Zs)oc(s)|dWEY.
t
Using the terminal condition and the fact that the process starts at time ¢ from (z,y), we have

T
Ve =U(XE) = o(t,z,y) +/ A Zsu(s, Z)MeodWE + ¢l [yoc(s)u(s, Zs) — Zsus(s, Zs)oc(s)]|dWE .
¢

Mt
Using the fact that My is a local martingale (E(Mr) = 0), we have
E {U(X%")} = v(t,z,y) + 0.

Hence
U(ta x7y) =E [U(Xir“[)} )

which shows that the Markovian control II is optimal.



4. Numerical scheme for the HJB equation

Introduction

This chapter introduces the practical aspects of designing finite difference schemes for HJB equa-
tion (3.3.2). The approach is based on the very powerful and framework developed in [6, Chapter 10].
Peter Forsyth proved in [9] using the same approach as in [16] that using viscosity solutions techniques,
any consistent, monotone and stable approximation scheme is convergent. The key property here is
the monotonicity which guarantees that the scheme satisfies the same ellipticity condition as the HJB
operator (see [17]). It is worth insisting on the fact that if the scheme is not monotone, it may fail to
converge to the correct solution. One of the merits of finite difference schemes is that they are simple
and easy to implement. They can also be combined with Monte Carlo methods to solve nonlinear
parabolic PDEs (see [7]). Our primary sources for this chapter are [6, 7, 9, 16].

For the numerical solution of the HJB equation we have to truncate the unbounded domain [0, +00)
for z to the bounded domain [0,Z] and to define boundary conditions for z = zZ. We begin by the
asymptotic behaviour of u for z — 0 and z — cc.

4.1 Asymptotic behaviour

In this section, we examine the asymptotics of the value function u and the optimal strategy 7 for z — 0
and z — oo.

4.1.1 Case z — 0. To study the behaviour of u as z — 0, we apply the Fichera theory developed in [1]
to the HJB equation (3.3.2).

Proposition 4.1.1. Let u be the classical solution of the HJB equation (3.3.2), then no boundary
condition is required at z — 0.

Proof. Let a, b and c denote the coefficients of u,,,u, and u respectively by

a(t,z,p) = %(}90)22'2 + %0’%(15)22 — pooc(t)p2?, (4.1.1)
b(t,z,p) =1 — pc(t)z + (1 — 7)oz (t)z + (v — V)ppooc(t)z + (pho + 1)z, (4.1.2)
ctt2.0) = = (pe(t) + 152 020). (4.13)

and denote by LP the operator

LPu = a(t,z,p)us, + b(t, z,p)u, — c(t, z,p)u.

Then equation (3.3.2) reads
—uy = sup LPu,
peK

We define the Fichera function by

da(t, z,p)

f(Z):b(t,Z,p)— 9z

(4.1.4)

22
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so that for every ¢t € [0, 7] and for every p € K

lim f(z) =1>0,
z—0

which implies that no boundary condition is required at {z = 0}. O

We have for z — 0 a degenerated HJB equation

w= v = (o) + L2020 ) (4.15)

which does not contain the strategy m. So we cannot obtain the optimal strategy 7* by solving the

pointwise optimization problem (sup £Pu) in the HJB equation. z = + = 0 means that we have infinite
peEK
endowment at time t. So the investor can invest arbitrarily high capital (and not only his wealth z) to

the risky asset. Depending on the correlation p this leads to II = +o0.

4.1.2 Case z — oo. When z becomes large (z = Z for some large Z), we can get some asymptotics for
the value function u and the optimal strategy II, as stated in the following.

Proposition 4.1.2. Let u be the classical solution of the HJB equation (3.3.2), then it holds that

(i) for z — +o0,

27 62
u(t, z) ~ > exp {’y (7‘ + 2(1_7)) (T — t)} . (4.1.6)
(i) The optimal strategy defined as in (3.4.1) is such that, for z
=TIt 2) = — . (4.1.7)
o(1=")
if it is in Ay, i.e. it approaches to the Merton ratio.
Proof. The proof of proposition 4.1.2 can be found in [2, Proposition 3.4]. O

This leads us to the Dirichlet boundary condition given by equation (4.1.6) for the HJB equation (3.3.2)
on the truncated domain [0,7] x [0, Z], for some large Z.

4.2 Problem reformulation

Let 7 =T — t be the time to maturity. Define
fic(t) = pe(T' = 7), 6c(r) =0c(T'—7) and (7, 2) = u(T — 7, 2) = u(t, 2).
Then equation (3.3.2) becomes
1
iy = G, + fic(7) [yl — 2] + 5&20(7)[7(7 — 1)@ — 2(y — 1)2it, + 22005]+

1
sup {(pm9 + )z, + §(p0)2z2ﬂzz + pac(T)op(y — 1)z, — p&c(T)O’pz2’L~Lzz} =0. (4.2.1)
peEK
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Using the above definition, the optimal strategy (3.4.2) becomes

Pt 2) = 0= pﬁcg)(l -] % “Z ((T’ z;)) N péi(ﬂ_ (4.2.2)

Substituting (4.2.2) into (4.2.1) yields

ﬂ2
Ur = a(T, 2)Us, + b(T, 2)U, — c(7,2)0 + d(T, 2) ﬂ;’ (4.2.3)
where

a(7,2) = %(1 — p2)2262(r), (4.2.4)
b(r,2) =1 = z(ic(r) — ) + 260(7)[p0 — (1 = p*) (v — e (7)), (4.2.5)
o(t,z) == — <p,c(¢) +2 ; 1&%@) : (4.2.6)
d(r,2) = _é[e + (v — Dpaa(r)2 (4.2.7)

4.2.1 Condition. The coefficients of the equation (4.2.3) satisfy the following conditions:

1) a(r,z) > 0 and d(r,z) < 0.

2) For the coefficient b = b(7, z) we write.

b=bt -0,
where
b(r,z) + |b(T, 2z
b+:’b’1{b20}: ( ) 2|( )|7
_ b(r,z) — |b(T, z
1 = ey = - KT = 2

Note that bF =band b~ =0 for b > 0, and bt =0 and b~ = b for b < 0.
3) For the coefficient ¢(7, z), we have

(i) for0 <y <1

(i) Forv <0
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4.3 Finite difference scheme

Let 0 =79 <71 <--- <7n, =T be an equidistant partition of the interval [0, 7], i.e. 7, = nAT, n =

0,---, N, where At = N%, N > 1 is the mesh size in the 7-direction and let 7, , 1 = w For

V]

the z-direction we consider an initial equidistant grid of [0, 1] and let

tan(%’rm)

tan(%”)

, forsome k€ (0,1)

I

z =

be the function which transforms the initial equidistant grid of [0, 1] to a non-equidistant grid of [0, Z].
The idea of the transformation is to have many grid point where w is strongly varying and less grid point
where u is slowly varying. In fact in order to ensure the stability of the scheme if Az; is too small then
we have to use too small time steps A7 or too large N, where Az; = z; —2;_1, j=1,---,N, be
the mesh sizes in the z direction. In the case where the coefficients are not constant, to get a higher
approximation order (quadratic), we evaluate the coefficients at an appropriate point between 7, and
Tn+1 such as Tpgl Setforj=1, --- N, —1

n+y _ n+y _ nty _ nty _
a; —a(TnJr%,zj), b; —b(TnJr%,zj), ¢ —C(Tn+%,2j) and d; —d(TnJr%,zj).
Let @7 be the discrete approximation of (7, 2) at node (7, ;) and set " = [ag, - - -, an. |7t

Non-equidistant grid for z
200 - .

—N—2=C1><K

180

—+4— z= Ctan(C,x) foo

160

*

120

& 100

80

40 -

e K I N N S T

20+

B S e T R N A R T 3

0 0.1 0.2 0.3 0.4 05 0.6 07 0.8 0.9

—

Figure 4.1: Non-equidistant grid for z.

4.3.1 Treatment of the linear part. For improving the stability of finite difference schemes the idea
is that depending on the sign of the coefficient b?+5
terms) one uses forward or backward differences:

in front of first-order derivative u, (convection

~n+1_ ~n+1
Yjr1 Yy

n+i . .. .
For b, 2 > 0: one uses implicit forward difference u, ~ —L* -
J Zj+17 %)
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For b 3 < 0: one uses implicit backward difference u, ~ Y

Zj—Zj—1

For the diffusion therm we use the implicit second order difference to obtain

Using condition 4.2.1, we discretize

c(r,2)a ~ c;

~n+1 ~n—+1 ~n+1 _ ~n+l1
N A Uj_1 ( 2
Uyy =~
Zj+1 T %) 7 %1 Zj+1 T Zj-1
n+3 n+3 ~
j 21 ntl ;H—I-FC 21 il u?
{c] 220} {c] 2 <0}

).

4.3.2 Treatment of the non-linear part. For the non-linear term we apply the explicit forward difference

and the second order difference.

~2
uz

j+1 Y5

U

~n  _ ~nN\2 /5N ~n
Uz Zj+1 — Zj Zj41 — Zj

an — g —1
j jl) (ZjJrl —Zj-1
2 — Zj—1 2

).

4.3.3 Global scheme. On the basis of previous considerations we can establish a global scheme for the

discretization of the HJB equation (4.2.3), we obtain the following result:

nts . 1 n+35 -pitl nts5 on+41 .
—B 2 n-l— +C 2?+ AJ Q?il_an ]:17"'7
where the discrete equation coefficients are given as
n+3 n+3
- 2a; " Bt
Aj = (.. N . 2 )
(zj+1 — 2) (Zj+i — 2j-1) (ZJ+1 — 2j)
nti nti nti
Br_z—i—% _ 2a; * B (bj ? - |bj “1)
! (2 — 2j-1)(zj+i — zj-1)  2(z — 2j-1)
+l 1 1 1
C = — Ty 4 AT BT

And the right hand side is given as

1 n+ i
o .2 d.
) (AT i l{c;+%<0}> i

The optimal strategy is given as

N, -1

J

ul —al

7—1

~n __ ~n ~n  __ ~n
M (“j+1 “j) (“jﬂ uj
T\ ) \ gy

0+ (v —Dpoc(t,, 1)

A =

j

p

Condition 4.3.1. To ensure the convergence of the scheme, the coefficients must satisfied the positive

coefficient condition

+1 +1 +1
AT2 >0, B '?>0 and C;*

—A

J

1
n+sj

_ BT,H'

J

~n. __ ~nN\2 son o Sn o =n
ety <“j+1 uj ) (“j+1 A i |
Zjr1 — Z Zivl =% % %1

) (

(4.3.1)

Zj+1 — Zj-1

—1
) <Zﬂ+12Z3—1>+/\27j:1’...’N2_1

and Ay =

1)

1
>0, Yyn>0, j=1,---,

N, —1.

(4.3.2)
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4.3.4 Boundary conditions. For z = 0 we have a degenerated PDE

Uy = Uy — c(T, 2)0.

Using the implicit forward differences we get

an—‘rl —an ,an-i-l _ an-i-l nal ~ nt+l ~
0 0o _ " 0 ch 21 un+1 — T2y n
A - _ 0 ntd 0 0 1
T 21— 20 {cg *2>0} ¢, *<0}

which can be written as ) )
n+z - n+j .
c izttt — A 2u’f+1 = Iy,

0 0 0
where
+1 1
AyT? = > 0,
Z1 — 20
CnJr% ! —|—cn+21 +An+% >0
- 1
0 Ar T 0 Tty 00 ’

n __ ~n 1 n-i—%

For z =% (j = N), we impose the Dirichlet boundary condition (see Proposition 4.1.2)

2 62 0
Fy :Nzexp{’y <r+> Tn}, Yn>0 and 7wy, ~ ———.
Ny 2(1—7) - T o(y-1)

4.3.5 Matrix form of the discrete equations. It will be convenient to use matrix notation for equa-
tions (4.3.1), coupled with boundary conditions 4.3.4. Let F" = [F{,- - -,F]\‘,Z]T. Then we can write
the finite difference scheme (4.3.1) as

Artlgntl — pn o yn >0 (4.3.3)
where ) )
cptr oAt 0
1 1 1
—B;H_Q C;H_Z _A;L+2
An+1 — .

nti
0 —By T Oy

4.4 Numerical results

In this section we used Matlab version 7.10 (R2010a) 32 bits to solve the HJB equation (3.3.2) applying
finite difference scheme we have developed in Section 4.3. We take u¢ and o¢ constant and we specify
the model for T' = 1,5 or 20 years, by taking the parameters from [2] given as in Table 4.1 and using
the non-equidistant grid given in the Figure 4.1 in Section 4.3. In order to ensure the stability we have
to use a small volatility ¢ = 0.13 for v = —1 and the higher volatility ¢ = 0.2 for v = 0.5.
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Parameter o w o oo e p r N, N: k o 0%

Value 0.13 -1 0.04 02 002 -05 0 400 175200 0.85 0.2 05

Table 4.1: Parameters of the control problem.

For T' = 20 years we obtain that the optimal proportion as a function of the ratio wealth to income
z= % and of the time to maturity 7' — ¢ to be invested in the stock is given as in Figure 4.2a and 4.2b
respectively for y = —1 and v = 0.5.

Figures 4.2c and 4.2d give the value function for 7' = 20 as a function of the ratio wealth to income
z = % and of the time to maturity 7' — ¢ for v+ = —1 and v = 0.5 respectively. If we look at both
figures we will see that the value function u is increasing and concave in z, and increasing in T — .
For v = —1, u has a singularity at T'—t = 0 and is bounded from above by 0 and for v = 0.5, u is

bounded from below by 0. The case T'=1 and T = 5 are quite similar.

If we look at the three Figures we will see that for v = 0.5 independent of the value of T, the optimal
strategy in bounded from below by the Merton ratio and converges towards it as the initial wealth
significantly exceeds the initial endowment (as z — +00), or as T'—t — 0. This is actually perfectly
intuitive, since the amount available to the investor is always higher compared to the case without
endowments. This actually confirms the asymptotic behaviour that we have studied in Section 4.1. We
can also observe that for p = —0.5 when the initial wealth tends to zero (z — 0), the optimal strategy
to be invest in the stock is 7* = +00 and confirms the result in Section 4.1.

For T' = 20 the results of a sensitivity study with respect to the correlation parameter p are given on
Figure 4.2g and 4.2h respectively for v = —1 and v = 0.5 . There are indeed two main factors driving
the choice of the investor:

(i) the presence of a strictly positive random endowment, which allows for higher investments in the
risky asset,

(ii) and the correlation between the random endowment and the risky asset, which allows to hedge
partially away risk from the random future endowment by the choice of the investment strategy.

If we look at Figure 4.2g and 4.2h we will observe that:

a) For p =0 ( case where the risky asset and the random endowment are uncorrelated), no hedging is
possible. Future endowments allow to take higher risks and imply therefore an higher investment in
the risky asset.

b) For p > 0 ( In the case of extremely positive correlation such as p = 0.95), the proportion invested
in the risky asset is below the Merton ratio for v+ = —1 and there is a possibility to hedge away the
risk in the endowment by short selling the stock. The case p = 0.5 results in smaller investments in
the stock compared to the case p = 0.

c) For p < 0 (In the case of negative correlation), it is possible to hedge away the risk in the endowment
by investing long in the stock. This results in higher investments in the stock, compared to the case
p=0.

The cases T'=5 and T = 1 are similar to the case ¢t = 20.
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Since we are not able to reproduce exactly the results from the paper of Chen et al. we have to use
another technique to solve the HJB equation (3.3.2) and compare the results with the previous one.

4.5 Policy Improvement Algorithm

Consider the stochastic process Z with the dynamics given by equation (3.4.3). Consider the optimisation
problem:

Find u(t,z) = sup J(¢t, 2, 7),
meA;

where J™ = J(t,z,m) = E[U(Z]})] is the performance criterion and u is the value function given
by (3.3.2). For a given Markovian strategy 7, = p(T, ) it can be derived that J™ satisfies the following
linear PDE for H = H(T, 2)

H,=a(r,z,p)H,, + b(t,z,p)H, — ¢(1,2,p)H,

with initial condition.
H0,2)=U(z) = —,
(0, 2) (2) ~

where
a(r, 2,p) = 5 (po 2 + 363(r)* — pode(r)ps (4.5.1)
b(7,2,p) =1 —fic(T)z + (1 = )64 (T)2 + (v — Vpodc(r)pz + (pho + 1)z, (4.5.2)
c(r.p) == () + 1515200, (453)
with

fic(t) = pe(T' = 7), 6¢(r) = 0oc(T —7) and p = p(7,2).

4.5.1 Algorithm.

i) Find an initial guess 7° of the optimal control, set k =0, & > 0 and kyqz > 0
ii) Solve the linear PDE for J*) = Jr"
I® = a(r,2,p) I + b(r, 2,p)JH) — c(r,2,p)J®), with
k z7
J0,2) =U(z) = —.
Y
iii) Compute the improved control

p"(r, 2) = arg mgg{a(ﬂ 2,0) I8 +b(r, 2,p) I — (1, 2,p) TH)}.
p

iv) If |JEHD — JE)|| < e or [[pFtt — p¥|| < € or k > kpae, then stop else k < k + 1, go to ii).
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(a) Optimal strategy for v = —1.
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(b) Optimal strategy for v = 0.5.

Value function wu(t, z)

(d) Value function for v = 0.5.
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Figure 4.2: Numerical results for T' = 20 years.
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(h) Optimal strategy for different values of p
with v = 0.5.

Figure 4.3: Numerical results for T' = 5 years.



Section 4.5. Policy Improvement Algorithm

Page 32

Optimal strategy =7(1, z}

fes 0s
04

e =
o xu_wg T—1

(a) Optimal strategy for v = —1.

Value function wu(t, z)

(c) Value function for v = —1.

Optimal strategy 7 (tn, 2)

25 Wieton ratio |7
—— =0
24 =025
[\ =05
e — =07
1 [="
s 05
1
o
-0s
-1
15
2

0 | n= a0 &l B 70 80 80 100
&

(e) Optimal strategy at different time points
for y = —1.

Optimal strategy 77, #)

3 Meton ratio
——p=-005
25 pfla
=0
| =08
2 — =035
"ll..
o TBENN
1 e
1
n&f
o
-0s

0 | n= a0 &l B 70 80 80 100
&

(g) Optimal strategy for different values of p
with v = —1.

Optima] strategy w(t, 2)

\,/A
2oy

xg O

(b) Optimal strategy for v = 0.5.

Value function wu(t, z)

(d) Value function for v = 0.5.

Optimal strategy 7 (tn, 2)

Meton ratio
4 —t=0
=025
! =05
3 — =075

0 | n= a0 &l B 70 80 80 100
el

(f) Optimal strategy at different time points
for y = 0.5.

Optimal strategy 77, #)

Meton ratio

——p=-005

——p=05

4 p=0
=08

—— =045

0 | n= a0 &l B 70 80 80 100
&
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Figure 4.4: Numerical results for T' = 1 year.
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5. Conclusion

We have investigated a problem of optimal investment of an economic agent under stochastic endow-
ments for a finite time period. The problem has been treated as a stochastic optimal control problem.
We have investigated the associated HJB equation by means of viscosity solutions, giving a character-
ization of the value function as unique viscosity solution of the HJB equation. This has allowed us to
use the finite difference method to compute the value function and see, numerically, what is the impact
of the random income on the optimal value of the problem, and what is the optimal strategy. We have
also been able to describe the asymptotic behaviour of the value function, and the optimal strategy
when the initial wealth goes to zero or to infinity. We cannot reproduce the numerical results from [2]
perfectly.

For further study it would be interesting to use alternative solution techniques which might confirm our
results or those of [2]. For instance we have attempted with the policy improvement algorithm and the
result is similar than what we got previously.

34



Appendix A. Proof of Theorem 3.2.1

Proof. To prove Theorem 3.2.1, we prove that v is both subsolution and supersolution. To show that v
is sub (resp. super) solution, we adjust the method developed in [14, Proposition 4.3.2] for the case of an
n-dimensional controlled state process and optimization of consumption problem in infinite-time horizon
(resp. [14, Proposition 4.3.1] for the case of n-dimensional optimization of consumption in finite-time
horizon), to the case of a 2-dimensional controlled state process (X[, c;) and optimal terminal wealth
problem in finite-time horizon.

We know from the proposition (3.1.2) that v is continuous in the interior of the domain, hence locally

bounded. We want to use this argument to show the following statements:

i) The value function v is a viscosity supersolution of (3.2.1) on O.

Let (£,7,7) € O and ¢ € C12(0O) be a test function such that

(t,z,y)€O

By the definition of v, (¢, T,7), there exists a sequence (t,,, Tn,yyn) in O such that
(tn, Tn,yn) — (6, Z,7) and v(tn, Tn,yn) — v«(¢,T,7Y), as n — oo.
By the continuity of ¢ and by (A.0.1), we also have
Yo = V(tn, Tn,Yn) — @(tn, Tn,yn) —> 0, as n — oc.

Let 7 € A(tp, Zn,yn) = A; be a control and denote by (X fr*m¥n cln¥n) the associate controlled
process. Let 7, = inf {s >ty [(XTI0T Y dnlny ()| > 5} be a stopping time in which

0 > 0 is a fixed constant. Let (h,,) be a strictly positive sequence such that

hy, — 0 and Z—n — 0, as n — 0. (A.0.2)

We apply the first part of the dynamic programming principle (see [14, Section 3.3]) for v(ty,, Zn, Yn)
to By, = Tn A (tn, + hy) and obtain

V(tn, TnsyYn) > E [v(ﬁmXg’t"’m”’y“',ctﬂi’y”)] : (A.0.3)

n

Equation (A.0.1) implies that v > v, > ¢, so that (A.0.3) becomes

O(tn, TnyYn) + > E [(p(ﬁang;Ltn,l‘nyyn’ Ctﬁ:yn)} .

After applying the Dynkin's formula, we divide by h,, and move h,, within the expectation to obtain
ﬁ’IL

Tn 1 dp tsnsyn bt

e E _ __r _ £7T ,Xﬂ-7 7L773n7yn’ n,Yn d > O A04

erm o [ (-5 - ) (s xrte dpmyas] > (A04)
By almost surely (a.s) continuity of the trajectory (X7 *m¥" k¥ it follows that for n suffi-
ciently large (n > N(w)), Bn = tn + hn, a.s. Thus, applying the mean value theorem together
with equation (A.0.2) to equation (A.0.4), we get

0 _ _ - - _ _
<_a(f - [’Trg)) (t,f,@) Z 0= F(t,f,?, U*(ufu @)v‘ﬂt(ﬁﬁ g)?‘DsD(ufv@%DQ(p(tﬂf)y)) Z 0.

This shows that v is a viscosity supersolution of (3.2.1) on O.
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ii) The value function v is a viscosity subsolution of (3.2.1) on O.

Let (£,7,7) € O and ¥ € C%2(0) be a test function such that

— = $)ETE) = max (o — 6)(t,3,p). (A.05)
(t,x,y)eO

By the definition of v*(¢,Z, %), there exists a sequence (t,, Zn,yn) in O such that
(tn, Tn,yn) — (£,Z,7) and v(tp, Tn,yn) — v*({,Z,7), as n — 0.
By the continuity of ¢ and by (A.0.5), we also have
On, == v(tn, Tn,yn) — Y(tn, Tn,yn) — 0, as n — oo.

Let m € A(tpn, Zn, yn) = A1 be a control and denote by (X7 ¥ ¢lm¥n) the associate controlled
process. Let 7, = inf {3 >ty [(XTt Y dn¥ny (2, 9,)| > 0t be a stopping time in which

n > 0 is a fixed constant. Let (h,,) be a strictly positive sequence such that

hn, — 0 and Z—" — 0, as n — oo. (A.0.6)

We apply the second part of the dynamic programming principle (see [14, Section 3.3]) for v (¢, Zn, Yn)
to A\, = T A (tn, + hy,) and obtain for all e > 0

h2
Ot s ) — e < T [0, XTI )] (A.0.7)

Equation (A.0.5) implies that v < v* <), thus (A.0.7) becomes

h2
6 +(tns T, y) — £ <E [¢(An, Xptnstnn, Ctﬂyn)} '

After applying the Dynkin's formula, we divide by h, and move h,, within the expectation to obtain

On hn, L (A 9y tnsTnUn  tnyy
e I __rr _ T Tyln,Tn,Yn n>Yn < 0. 0.
I €5 +E[hn/tn < 5t El/]) (s, X , 4 )ds] <0 (A.0.8)

By almost surely (a.s) continuity of the trajectory (X7 '™ ¥ k¥ it follows that for n suffi-
ciently large (n > N(w)), A\, = t, + hy, a.s. Thus, applying the mean value theorem together
with equation (A.0.6) to equation (A.0.8), we obtain

<_%f - w) (£,7.7) 2 0 = F(t,7,5,v"(L.7.9),%1(, 7.7), DY (1, 7.7), D*$(1,7,7)) < 0.

This shows that v is a viscosity subsolution of (3.2.1) on O. Hence v is a viscosity solution of the
HJB equation (3.2.1).
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